ON THE OPTIMAL STOPPING PROBLEM FOR
ONE-DIMENSIONAL DIFFUSIONS

SAVAS DAYANIK AND IOANNIS KARATZAS

ABSTRACT. A new characterization of excessive functions for arbitrary one—dimen-
sional regular diffusion processes is provided, using the notion of concavity. It is
shown that excessive functions are essentially concave functions in some suitable
generalized sense, and vice—versa. This, in turn, permits a characterization of the
value function of the optimal stopping problem as “the smallest nonnegative concave
majorant of the reward function”, and allows us to generalize results of Dynkin—
Yushkevich for the standard Brownian motion. Moreover, we show how to reduce
the discounted optimal stopping problems for an arbitrary diffusion process, to an
undiscounted optimal stopping problem for the standard Brownian motion.

The concavity of the value functions also leads to conclusions about their smooth-
ness, thanks to the properties of concave functions. One is thus led to a new per-
spective and new facts about the smooth—fit principle in the context of optimal
stopping. The results are illustrated in detail on a number of non—trivial, concrete

optimal stopping problems, both old and new.

1. INTRODUCTION AND SUMMARY

This paper studies the optimal stopping problem for one-dimensional diffusion
processes. Let (€2, F,P) be a complete probability space with a standard Brownian
motion B = {By;t > 0}, and consider the diffusion process X with state space Z C R

and dynamics

for some Borel functions ¢ : Z — R and 0 : Z — (0,00). We assume that Z is an

interval with endpoints —oco < a < b < +o00, and that X is regular in (a,b); i.e., X
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reaches y with positive probability starting at x, for every x and y in (a,b). We shall
denote by F = {F;} the natural filtration of X.
Let 3> 0 be a constant, and h(-) be a Borel function such that E,[e ?"h(X,)] is

well-defined for every F—stopping time 7 and x € Z. By convention
f(X;(w)) =0 on {7 =+oc0}, forevery Borel function f(-).
Finally, we denote by

(1.2) V(z) £sup E,[e "h(X,)], x €T,

TES

the value function of the optimal stopping problem with reward function h(-) and
discount rate 3, where the supremum is taken over the class S of all F-stopping
times. The optimal stopping problem is to find the value function, as well as an
optimal stopping time 7* for which the supremum is attained, if such a time exists.

One of the best—known characterizations of the value function V'(+) is given in terms
of f—excessive functions (for the process X), namely, the nonnegative functions f(-)
that satisfy

(1.3) f(@) >E,[e” f(X,)], VT €S, Ve

For every (-excessive function f(-) majorizing h(-), (1.3) implies that f(z) > V(z),
x € Z. On the other hand, thanks to the strong Markov property of diffusion pro-

cesses, it is not hard to show that V() is itself a f—excessive function.

Theorem 1.1 (Dynkin [4]). The value function V(-) of (1.2) is the smallest -

excessive (with respect to X ) majorant of h(-) on I, if h(-) is lower semi—continuous.

This characterization of the value function often serves as a verification tool. It
does not however describe how to calculate the value function explicitly for a general
diffusion process. The common practice in the literature is therefore to guess the
value function, and then to put it to the test using Theorem 1.1.

One special optimal stopping problem, whose solution for arbitrary reward func-

tions is perfectly known, was studied by Dynkin and Yushkevich [8]. These authors
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study the optimal stopping problem of (1.2) under the following assumptions:
( X is a standard Brownian motion starting in a closed Y

bounded interval [a,b], and is absorbed at the boundaries

(DY) (i.e., u(-) =0 on [a,b], o(-) = 1 on (a,b), and o(a) = o(b) =
0, and Z = [a,b] for some —oco < a < b < o0). Moreover,
\ =0, and h(-) is a bounded Borel function on [a, b]. J

Their solution relies on the following key theorem, which characterizes the excessive

functions for one—dimensional Brownian motion.

Theorem 1.2 (Dynkin and Yushkevich [8]). Every 0-ezcessive (or simply, excessive)

function for one—dimensional Brownian motion X s concave, and vice—versa.
In conjunction with Theorem 1.1, this result implies the following

Corollary 1.1. The value function V(-) of (1.2) is the smallest nonnegative concave

magjorant of h(-) under the assumptions (DY).

This paper generalizes the results of Dynkin and Yushkevich for the standard Brow-
nian motion, to arbitrary one-dimensional regular diffusion processes. We show that
the excessive functions for such a diffusion process X coincide with the concave func-
tions, in some suitably generalized sense (cf. Proposition 3.1). A similar concavity
result will also be established for f-excessive functions (cf. Proposition 4.1 and
Proposition 5.1). These explicit characterizations of excessive functions allow us to
describe the value function V(-) of (1.2) in terms of generalized concave functions, in
a manner very similar to Theorem 1.2 (cf. Proposition 3.2 and Proposition 4.2). The
new characterization of the value function, in turn, has important consequences.

The straightforward connection between generalized and ordinary concave func-
tions, reduces the optimal stopping problem for arbitrary diffusion processes to that
for the standard Brownian motion (cf. Proposition 3.3). Therefore, the “special” solu-
tion of Dynkin and Yushkevich, in fact, becomes a fundamental technique, of general
applicability, for solving the optimal stopping problems for regular one—dimensional
diffusion processes.

The properties of concave functions, summarized in Section 2, will help establish
necessary and sufficient conditions about the finiteness of value functions and about
the existence and characterization of optimal stopping times, when the diffusion pro-
cess is not contained in a compact interval, or when the boundaries are not absorbing

(cf. Proposition 5.2 and Proposition 5.7)
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We shall also show that the concavity and minimality properties of the value func-
tion determine its smoothness. This will let us understand the major features of the
method of Variational Inequalities. We offer, for example, a new exposition and, we
believe, a better understanding, of the smooth—fit principle, which is crucial to this
method. It is again the concavity of the value function that helps to unify many of
the existing results in the literature about the smoothness of V(-) and the smooth—fit

principle.

Preview. We overview the basic facts about one—dimensional diffusion processes and
concave functions in Section 2. In Section 3 and Section 4, we solve undiscounted and
discounted, respectively, stopping problems for a regular diffusion process, stopped at
the time of first exit from a given closed and bounded interval. In Section 5, we study
the same problem when the state-space of the diffusion process is an unbounded
interval, or when the boundaries are not absorbing.

The results are used in Section 6 to treat a host of optimal stopping problems
with explicit solutions, and in Section 7 to discuss further consequences of the new
characterization for the value functions. We address especially the smoothness of the

value function, and take a new look at the associated variational inequalities.

2. ONE-DIMENSIONAL REGULAR DIFFUSION PROCESSES AND CONCAVE
FuNcTIONS

Let X be a one-dimensional regular diffusion of the type (1.1), on an interval Z.
We shall assume that (1.1) has a (weak) solution, which is unique in the sense of the

probability law. This is guaranteed, if u(-) and o(-) satisfy

(2.1) / w dy < oo, for some ¢ > 0,
(z—ea+e) O (y)

at every = € int(Z) (Karatzas and Shreve [13, 329-353]), together with precise de-
scription of the behavior of the process at the boundaries of the state-space Z. If
killing is allowed at time (, then the dynamics in (1.1) are valid for 0 < ¢ < (. We
shall assume, however, that X can only be killed at the endpoints of Z which do not
belong to Z.

Define 7, = inf{t > 0 : X, = r} for every » € Z. A one-dimensional diffusion

process X is called regular, if for any x € int(Z) and y € Z, we have P, (7, < +00) > 0.
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Hence, the state—space Z cannot be decomposed into smaller sets from which X could
not exit. Under the condition (2.1), the diffusion X of (1.1) is regular.

The major consequences of this assumption are listed below: their proofs can be
found in Revuz and Yor [15, pages 300-312]. Let J = (I,7) be a subinterval of Z such
that [I,r] C Z, and o the exit time of X from J. If x € J, then 0; = 7, A 7., P,—a.s.
For x ¢ J, then 0; =0, P,—a.s.

Proposition 2.1. If J is bounded, then the function my(z) = E.loy], * € I is

bounded on J. In particular, oy is a.s. finite.

Proposition 2.2. There exists a continuous, strictly increasing function S(-) on T
such that for any l, r, x in Z, with a <[l <x <r <b, we have

S(z) — S(1)
S(r)=sS()’

S(r) = 5(x)

(2.2) Po(r, <m) = S(r)=S@)°

and P.(m <7) =

Any other function S with the same properties is an affine transformation of S, i.e.,
S=as+ B for some a > 0 and B € R. The function S is unique in this sense, and

is called the “scale function” of X.

If the killing time ¢ is finite with positive probability, and limy X; = a (say), then
lim, ., S(x) is finite. We shall define S(a) = lim, ., S(z), and set S(X;) = S(I).
With this in mind, we have:

Proposition 2.3. A locally bounded Borel function f is a scale function, if and only
if the process Y;f = F(Xincarann, ), t >0, is a local martingale. Furthermore, if X can

be represented by the stochastic differential equation (1.1), then

(2.3) S(z) = / " exp {— / ’ i’jég dz} dy, wel,

for any arbitrary but fived c € T.

The scale function S(-) has derivative S'(z) = exp {[’[—2u(u)/0?(u)]du} on
int(Z), and we shall define
2p() :
1 A /
S"(z) = (1) S'(z), ze€int(Z).
This way AS(-) = 0, where the second—order differential operator

d*u du

(2.4 Aul) £ 50 ()5 () + ()0, on T,
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is the infinitesimal generator of X. The ordinary differential equation Au = [u has
two linearly independent, positive solutions. These are uniquely determined up to
multiplication, if we require one of them to be strictly increasing and the other to be
strictly decreasing. We shall denote the increasing solution by v (+) and the decreasing

solution by ¢(+). In fact, we have

E,[e "], if z<c b a<e

(25)  x) = 1 . () =4 Belerm] ,
E.[e=Bm]’ La=>c E.[e ], if z>c¢

for every x € Z, and arbitrary but fixed ¢ € Z (cf. 1t6 and McKean [10, pages 128
129]). Solutions of Au = fu in the domain of infinitesimal operator A are obtained
as linear combinations of ¥ () and ¢(-), subject to appropriate boundary conditions
imposed on the process X. If an endpoint is contained in the state—space Z, we shall
assume that it is absorbing; and if it is not contained in Z, we shall assume that
X is killed if it can reach the boundary with positive probability. In either case,
the boundary conditions on ¢(-) and ¢(-) are ¥(a) = ¢(b) = 0. For the complete
characterization of ¢(-) and ¢(-) corresponding to other types of boundary behavior,
refer to It6 and McKean [10, pages 128-135]. Note that the Wronskian determinant

A V' (z)
S'(z)

o) — 2 ()

of ¢(-) and ¢(-) is a positive constant. One last useful expression is

vo) |
V) T
o) |

oy 7Y

(2.7) E,[e"] =

Concave Functions. Let F': [¢,d] — R be a strictly increasing function. A real-valued
function u is called F—concave on [c, d] if, for every a <1 < r < band = € [, r], we
have

F(z) — F()

+ U(T)—F(T) —F0)

(2.8) u(z) > u(l) 7

Here are some facts about the properties of F—concave functions (Dynkin [5, pages
231-240], Karatzas and Shreve [13, pages 213-214], Revuz and Yor [15, pages 544—
547]).
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Proposition 2.4. Suppose u(-) is real-valued and F—-concave, and F(-) is continu-
ous on [c,d]. Then u(-) is continuous in (c,d) and u(c) < liminf,  u(x), u(d) <

lim inf,q4 u(x).

Proposition 2.5. Let (uq)aca s a family of F-concave functions on [c,d]. Then

A .
U = Aqenlly 18 also F—concave on [c,d).

Let v : [¢,d] — R be any function. Define

dtv . v(x) —o(y) . v(r) —v(y)

D} = (r) & lim ——~——7~ 2 lim —2 )
Fole) = G @) S i m —F M )
provided that limits exist. If DEwv(x) exist and are equal, then v(-) is said to be

F-differentiable at z, and we write Dpv(x) = DEv(x).

and Dpv(x)

Proposition 2.6. Suppose u : [c,d] — R is F—concave. Then we have the following:
(i) The derivatives Dju(-) and Dyu(-) exist in (c,d). Both are non—increasing
and Diu(l) > Dyu(z) > Diu(z) > Dpu(r), for every c <l <x <r <d.
(ii) Let zg € (c,d). For every Diu(xg) < 6 < Dpu(xg), we have u(xg) + 0[F(z) —
F(zy)] > u(z), Yz € [¢,d].
(iii) If F(-) is continuous on [c,d], then Diu(-) is right-continuous, and Dpu(-) is
left—continuous. The derivatives DbjEu() have the same set of continuity points;

in particular, except for x in a countable set N, we have Diu(x) = Dpu(z).

3. UNDISCOUNTED OPTIMAL STOPPING

Suppose we start the diffusion process X of (1.1) in a closed and bounded interval
¢, d] contained in the interior of the state-space Z, and stop X as soon as it reaches
one of the boundaries ¢ or d. For a given Borel-measurable and bounded function
h:le,d) — R, we set
(3.1) V(z) = sugEx[h(XT)], x € e, d].

TE
The question is to characterize the function V(-), and to find an optimal stopping
time 7* such that V(z) = E,[h(X+)], x € [c,d], if such 7* exists. If h(-) < 0, then
trivially V' = 0, and 7 = oo is an optimal stopping time. Therefore, we shall assume
SUP,efe.q h(x) > 0.

Following Dynkin and Yushkevich [8, pages 112-126], we shall first characterize
the class of excessive functions. These play a fundamental role in optimal stopping

problems, as shown in Theorem 1.1
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To motivate what follows, let U : [¢,d] — R be an excessive function of X. For
any stopping time 7 of X, and z € [¢,d], we have U(z) > E,[U(X,)]. In particular,
if v € [I,7] C [e,d], we may take 7 = 7y A7, where 7, = inf{t > 0: X, = r}, and then
the regularity of X gives

Ulx) > E. U Xpynr )] =U) -Pu(n < 7)) + U(r) - Pu(m > 1), x € [l,r].

With the help of (2.2), the above inequality becomes

S(x) — S(1)

(3.2) Uz) > U(1) - N S —sa

x € [l,r].

In other words, every excessive function of X is S—concave on [c, d] (see Section 2 for
a discussion). When X is a standard Brownian motion, Dynkin and Yushkevich [8]
showed that the reverse is also true; we shall show next that the reverse is true for
an arbitrary diffusion process X.

Let S(-) be the scale function of X as above, and recall that S(-) is real-valued,

strictly increasing and continuous on Z.

Proposition 3.1 (Characterization of Excessive Functions). A function U : [c,d] —

R is nonnegative and S—concave on [c,d|, if and only if
(3.3) U(z) > E,[U(X,)], Vre8 Ve |ed).
This, in turn, allows us to conclude the main result of this section, namely

Proposition 3.2 (Characterization of the Value Function). The value function V(-)

of (3.1) is the smallest nonnegative, S—concave majorant of h(-) on [c,d].

We defer the proofs of Proposition 3.1 and Proposition 3.2 to the end of the section,
and discuss their implications first.

It is usually a simple matter to find the smallest nonnegative concave majorant
of a bounded function on some closed bounded interval: It coincides geometrically
with the rope stretched from above the graph of function, with both ends pulled
to the ground. On the contrary, it is hard to visualize the nonnegative S—concave
majorant of a function. The following Proposition has therefore some importance,
when we need to calculate V(-) explicitly; it was already noticed by Karatzas and
Sudderth [14].
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Proposition 3.3. On the interval [S(c), S(d)], let W (-) be the smallest nonnegative
concave majorant of the function H(y) £ h(S™'(y)). Then we have V(z) = W (S(z)),
for every x € [c,d|.

The concave characterization of Proposition 3.2 for the value function allows us
to obtain information about the smoothness of V'(-) and the existence of an optimal

stopping time. Consider the optimal stopping region
(34) T 2{xcled:V(z)=h(x) and define  7* = inf{t >0: X, €T},

the time of first—entry into this region. The proof of the following result is similar to
that in Dynkin and Yushkevich [8, pages 112-119].

Proposition 3.4. If h(:) is continuous on |[c,d], then so is V(-), and the stopping
time T of (3.4) is optimal.

Remark 3.1. Since the standard Brownian motion B is in natural scale, i.e., S(x) = x
up to some affine transformation, W (-) of Proposition 3.3 is itself the value function
of some optimal stopping problem of the standard Brownian motion, namely

(35 W()=supE,[H(B,)] =supE, [h(57(B.))]. v e [S(e).S(d)

where the supremum is taken over all stopping times of B. Therefore, solving the
original optimal stopping problem is the same as solving another, with a different
reward function, but for a standard Brownian motion. If, moreover, we denote the
optimal stopping region of this problem by T' £ {y € [S(c), S(d)] : W(y) = H(y)},
then I' = S‘l(f‘).

PROOF OF PROPOSITION 3.1. We have already seen in (3.2) that excessivity im-
plies S—concavity. For the converse, suppose U : [¢,d] — [0, +00) is S—concave; then

it is enough to show
(3.6) U(z) > EJUX,)], Vzx€led, Vt>0.

Indeed, observe that, the inequality (3.6) and the Markov property of X imply that
{U(Xt)}c(0,400) 15 @ nonnegative supermartingale, and (3.3) follows from Optional

Sampling. To prove (3.6), let us first show
(3.7) Ulz) > E,[U(X,n)], Ya€eled, Vt>0,

where the stopping time p £ 7, A 74 is the first exit time of X from (c, d).
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First, note that (3.7) holds as equality at the absorbing boundary points z = ¢ and
x = d. Next, fix any xy € (¢, d); since U(-) is S—concave on [c, d], Proposition 2.6(ii)
shows that there exists an affine transformation L(-) = ¢;.5(+)+c2 of the scale function

S(-), such that

L(xo) = U(xy), and  L(x) > U(x), V€ lcd].

Thus, for any t > 0, we have

Eoo [U(Xpnt)] < Eup[L(Xpar)] = Eag[e1S(Xpae) + co] = 1B [S(Xpar)] + ca.

But S(-) is continuous on the closed and bounded interval [c, d], and the process S(X;)
is a continuous local martingale; so the stopped process {S(X,¢), t > 0} is a bounded

martingale, and E, [S(X,n:)] = S(x0), for every t > 0, by optional sampling. Thus

Euo[U(Xpnt)] < 1By [S(Xpnt)] + 2 = c1S(20) + c2 = L(xo) = U(o),

and (3.7) is proved. To show (3.6), observe that since X; = X, on {t > o}, (3.7)
implies E,[U(X})] = E,[U(X, )] < U(x), for every = € [¢,d] and t > 0. O

PROOF OF PROPOSITION 3.2. Since 7 = oo and 7 = 0 are stopping times, we
have V' > 0 and V' > h, respectively. Hence V(-) is nonnegative and majorizes h(-).
To show that V(-) is S—concave, we shall fix some = € [I,r] C [¢,d]. Since h(-) is
bounded, V(-) is finite on [c,d]. Therefore, for any arbitrarily small € > 0, we can

find stopping times o; and o, such that

Define a new stopping time

s T+o000,, on{n <t}

T+ 0,00, on{n >},
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where 6, is the shift operator (see Karatzas and Shreve [13, page 77 and 83]). Using
the strong Markov property of X, we obtain

V(z) > Ew[h(XT)] =E, [h(XT)l{‘rKTr}} +E, [h(XT)l{TPTr}}
= Eaz |:1{TL<TT}EX-,-Z [h(XUl>]] + Ex [1{TZ>TT}EXTT [h(Xm)]]
=, [h(Xgl)}IP’I{Tl <7} +E, [h(XJT)}IP’x{Tl > 7.}

S(r)—S(z S(x) — S
= B [h(X,,)] H +E, [h(X,,)] H
S(T) - S(J}) S(m) _ S(l)
_V(l)'m—l—‘/(r).m_a

Since € > 0 is arbitrary, we conclude that V'(-) is indeed a nonnegative S—concave
majorant of h(-) on [c,d].

Now, let U : [¢,d] — R be any other nonnegative S—concave majorant of h(-)
on [c,d]. Then, Proposition 3.1 implies U(z) > E,[U(X,)] > E,[h(X,)], for every
x € [¢,d] and every stopping time 7 € S. Therefore U > V on [c,d]. This completes
the proof. O

~

PROOF OF PROPOSITION 3.3. Trivially, V(z) £ W (S(x)), = € [c,d], is a nonneg-
ative concave majorant of h(-) on [c,d]. Therefore V(z) > V (z) for every z € [c, d).
On the other hand, ﬁ/\(y) £ V(57(y)) is a nonnegative S—concave majorant of
H(-) on [S(c), S(d)]. Therefore W(-) > W(-) on [S(c), S(d)], and V(z) = W(S(z)) >
W(S(z)) = V(x), for every z € [c,d). O

4. DISCOUNTED OPTIMAL STOPPING

Let us try now to see, how the results of Section 3 can be extended to study of the
discounted optimal stopping problem
(4.1) V(z) £ sup E.[e ""h(X,)], x € [c,d],

TES

with # > 0. The diffusion process X and the reward function h(-) have the same
properties as described in Section 3. Namely, X is started in a bounded closed
interval [c, d] contained in the interior of its state space Z, and is absorbed whenever
it reaches ¢ or d. Moreover, h : [c,d] — R is a bounded, Borel-measurable function
with sup,c(..q h(7) > 0.

In order to motivate the key result of Proposition 4.1, let U : [¢,d] — R be a

[—excessive function with respect to X. Namely, for every stopping time 7 of X,
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and z € [c,d], we have U(z) > E,[e™""U(X,)]. For a stopping time of the form
T =T, A\ T, the first exit time of X from an interval [/, r] C [c, d], the regularity of X

implies
U(x) > E, [e_ﬁ(”A”)U(Tl A TT)}
(4.2) =U(l)-Ey[e ""nery] +U) - Eole " 1linany], z€[L7].

The function ui (z) £ E,[e#™1(;,<r}] (respectively, us(z) = E,[e 7 1(;5,,]) is the
unique solution of Au = fu in (I,r), with boundary conditions u(l) = 1, uy(r) = 0
(respectively, with uy(l) = 0, uz(r) = 1). In terms of the functions ¥(-), ¢(-) of (2.5),
using the appropriate boundary conditions, one calculates

U(@)e(r) — ¥(r)p(x) () = v(De(x) — ¢(x)e(l)
b(D)e(r) = ¥(r)ed) v(D)e(r) = v(r)ed)’
Substituting these into the inequality (4.2) above, then dividing both sides of the
inequality by ¢(x) (respectively, by ¥ (z)), we obtain

U(x) L UWQ) F(r) = Fx) Ulr) Flz) = FQ)

(4.3)  wi(z) = x e |l,r].

W @ T e Fo—FO) T Fo—rF@ b7
and
U@) U G0 ~Gla) UG G -6
D Sw T G -en e am-ew TR
respectively, where the functions
2 ¥@) an r) & — 1 :_go(x) x €l
(4.6) F(z) = o2)’ d G(x) F) () € [e,d]

are both well-defined and strictly increasing. Observe now that the inequalities (4.4)
and (4.5) imply that U(-)/¢(-) is F—concave, and U(-) /() is G—concave on [c, d] (cf.
Section 2). In Proposition 4.1 below, we shall show that the converse is also true.

It is worth pointing out the correspondence between the roles of the functions
S(-) and 1 in the undiscounted optimal stopping, and the roles of ¥(-) and ¢(-) in
the discounted optimal stopping. Both pairs (S(+),1) and (¢(-), ¢(+)) consist of an
increasing and a decreasing solution of the second—order differential equation Au = Su
in Z, for the undiscounted (i.e., 5 = 0) and the discounted (i.e., 3 > 0) versions of
the same optimal stopping problems, respectively. Therefore, the results of Section 3
can be restated and proved with only minor (and rather obvious) changes. Here is

the key result of the section:
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Proposition 4.1 (Characterization of f—excessive functions). For a given function
U:e,d] — [0,400), the quotient U(-)/¢(+) is an F—concave (equivalently, U(-)/v(+)

is a G—concave) function, if and only if U(-) is f—excessive, i.e.,
(4.7) Ulr) > E,[e™PUX,)], V7r€eS, Vaceled).
Proposition 4.2 (Characterization of the value function). The value function V(-)

of (4.1) is the smallest nonnegative majorant of h(-) such that V(-)/¢(+) is F'—concave
(equivalently, V (-) /() is G-concave) on [c,d].

The equivalence of the characterizations, in Proposition 4.1 and Proposition 4.2 in

terms of F' and G, follows now from the definition of concave functions.

Lemma 4.1. Let U : [¢,d] — R any function. Then U(-)/¢(-) is F—concave on [c,d],
if and only if U(-)/(+) is G-concave on [c,d).

Since it is hard to visualize the nonnegative F'— or G—concave majorant of a function
geometrically, it will again be convenient to have a description in terms of ordinary

concave functions.

Proposition 4.3. Let W(-) be the smallest nonnegative concave majorant of H =
(h/p) o =1 on [F(c), F(d)], where F7'(-) is the inverse of the strictly increasing
function F(-) in (4.6). Then V(z) = (x) W (F(z)), for every x € [c,d].

Just as in Dynkin and Yushkevich [8, pages 112-126], the continuity of the functions
©(+), F(-), and the F-concavity of V(-)/¢(-) imply the following.

Lemma 4.2. If h(-) is continuous on [c,d], then V(-) is also continuous on [c, d].

We shall next characterize the optimal stopping rule. Define the “optimal stopping

region”
(4.8) T2 {xcled:V(x)=h)}, and ™2 inf{t>0:X, eI}

Lemma 4.3. Let 7, = inf{t > 0: X, =r}. Then for everyc <l <z <r <d,

F(e) - (l)]’

Ez[efﬂ(n/\fr)h(Xn/\Tr)} _ 90(35) |:h(l) ) F(T) ( )) +

o) F(r)—F( (r) = F(0)
_ (o) [MD G0 =Cla) | W) Gle) =G
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Furthermore,

and

W) F(d)— F(z) hl) G(d) - G(x)
e(l) F(d)—F(l) () G(d)—G(1)°

Proof. The first and second equalities are obtained after rearranging the equation

E.le™"h(Xn)] = ¢(2) = ¥(z)

Em[e_ﬁ(ﬂ/\n)h(Xﬂ/\ﬂ-)] = h<l) ’ Eﬂt[e_ﬁTll{TKTr}] + h(?“) 'Ew[e_ﬁnl{fm‘rr}]a

where ui(z) £ E,[e #1,<y] and ua(z) £ E [e 71,5, are given by (4.3). The

others follow similarly. O

Proposition 4.4. If h is continuous on [c,d|, then 7 of (4.8) is an optimal stopping

rule.

Proof. Define U(x) £ E,[e " h(X,.)], for every x € [c,d]. We have obviously
V(-) > U(-). To show the reverse inequality, it is enough to prove that U(-)/¢(+)
is a nonnegative F—concave majorant of h(-)/¢(:). By adapting the arguments in
Dynkin and Yushkevich [8, pages 112-126], and by using Lemma 4.3, we can show
that U(-)/¢(:) can be written as the lower envelope of a family of nonnegative F—
concave functions, i.e., it is nonnegative and F—concave. To show that U(-) majorizes

h(-), assume for a moment that

(4.9) 0 2 max (@ - U(x)) > 0.

zeled \ p(z) ()
Since 6 is attained at some xq € [c,d], and [U(-)/¢(+)]+6 is a nonnegative, F'—concave
majorant of h(-)/¢(-), Proposition 4.2 implies h(xg)/p(zo) = [U(xo)/p(z0)] + 6 >
V(zo)/e(xo) > h(zo)/e(x0); equivalently zo € T, and U(xg) = h(xg), thus 6§ = 0,
contradiction to (4.9). Therefore U(:) > h(-) on [c,d], as claimed. O

Remark 4.1. Let B be a one-dimensional standard Brownian motion in [F'(c), F'(d)]
with absorbing boundaries, and W, H be defined as in Proposition 4.3. From Propo-
sition 3.2 of Section 3, we have

(4.10) W(y) = supE[H(B:)], y € [F(c), F(d)].

7>0
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If A(-) is continuous on [c¢, d], then H(-) will be continuous on the closed bounded in-
terval [F'(c), F'(d)]. Therefore, the optimal stopping problem of (4.10) has an optimal
rule 0" £ {t > 0: B, € '}, where I' £ {y € [F(c), F(d)] : W(y) = H(y)} is the
optimal stopping region of the same problem. Moreover I' = F~! (f‘)

In light of Remark 3.1 and Proposition 4.3, there is essentially only one class of
optimal stopping problems for one—dimensional diffusions, namely, the undiscounted

optimal stopping problems for Brownian motion.

We close this section with the proof of necessity in Proposition 4.1; the proof of

Proposition 4.2 follows along lines similar to Proposition 3.2.

PROOF OF PROPOSITION 4.1. To prove necessity, suppose U(:) is nonnegative
and U(-)/¢(+) is F- concave on [c¢,d]. As in the proof of Proposition 3.1, thanks to
the strong Markov property of X and the optional sampling theorem for nonnegative

supermartingales, it is enough to prove that
(4.11) U(z) > B [ePPMU(X,00)], € [e,d], t >0,

where p £ inf{t > 0: X; ¢ (c,d)}. Clearly, this holds for z = ¢ and x = d.

Next fix any = € (¢,d). Since U(-)/p(-) is F—concave on [c,d], there exists an
affine transformation L(-) £ ¢, F(-) + ¢y of the function F(-) on [c,d], such that
L(-) > U(-)/e(-) and L(x) = U(z)/p(x). Now observe that
E, [e_B(pAt)U(XpAt)] <E, [eﬂ(p/\t)@(Xp/\t)L(Xp/\t)] =E, [e_ﬁ(pAt)SO(Xp/\t) (CIF(XPM) + 62)}

= 1B, [e PPy (X00)] + B [e P (X, 0], VT > 0.
Because 1(+) is of class C?[c, d], we can apply Itd’s Rule to e #14)(X;); the stochastic

integral is a square-integrable martingale, since its quadratic variation process is
integrable, and because Ay = $¢ on (¢, d) , we obtain

Ex[e_ﬁ(p“)zﬁ(Xp/\t)] =¢(x) + E, {/Op/\ e—ﬁs(Aw — ) (Xg)ds| = ¥(x), Vit > 0.

Similarly, E,[e#*" (X )] = ¢(z), whence E,[e PPDU (X ,0)] < c1th(z)+eap(z)
o(x)L(x) = U(zx). This proves (4.11). O

5. BOUNDARIES AND OPTIMAL STOPPING

In Section 3 and 4, we assumed that the process X is allowed to diffuse in a closed

and bounded interval, and is absorbed when it reaches either one of the boundaries.
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There are many other interesting cases, where the state space may not be compact,
or the behavior of the process different near the boundaries.

It is always possible to show that the value function V' (-) must satisfy the properties
of Proposition 3.2 or Proposition 4.2. Additional necessary conditions on V' (-) appear,
if one or more boundaries are regular reflecting (for example, the value function V'(-)
for the undiscounted problem of Section 3 should be non—increasing if ¢ is reflecting,
non-decreasing if d is reflecting).

The challenge is to show that V(-) is the smallest function with these necessary
conditions. Proposition 3.1 and Proposition 4.1 meet this challenge when the bound-
aries are absorbing. Their proofs illustrate the key tools. Observe that the local
martingales, S(X;) and the constant 1 of Section 3, and e P (X;) and e P'p(X;) of
Section 4, are fundamental in the proofs of sufficiency.

Typically, the concavity of the appropriate quotient of some nonnegative function
U(-) with respect to a quotient of the monotone fundamental solutions v (-), ¢(-) of
Au = fu, asin (2.5) , will imply that U(-) is f—excessive. The main tools in this effort
are [t6’s rule, the localization of local martingales, the lower semi-continuity of U (-)
(usually implied by concavity of some sort), and Fatou’s Lemma. Different boundary
conditions may necessitate additional care to complete the proof of superharmonicity.

We shall not attempt here to formulate a general theorem that covers all cases.
Rather, we shall state and prove in this section, the key propositions for a diffu-
sion process with absorbing and/or natural boundaries. We shall illustrate how the
propositions look like, and what additional tools we may need, to overcome potential
difficulties with the boundaries.

5.1. Left—-boundary is absorbing, right—boundary is natural. Suppose the
right-boundary b < oo of the state-space Z of the diffusion process is natural. Let
¢ € int(Z). Note that the process, starting in (c,b), reaches ¢ in finite time with
positive probability. Consider the stopped process X, which starts in [¢,0) and is
stopped when it reaches ¢. Finally, recall the functions ¢ (-) and ¢(-) of (2.5) for some
constant 5 > 0. Since ¢ € int(Z), we have 0 < ¢(c) < 00, 0 < ¢(c) < co. Because b is
natural, we have ¢(b—) = oo and ¢(b—) = 0. Let the reward function h : [¢,b) — R
be bounded on compact subsets, and define

V(z) £ supE e P"h(X,)], =€ [c,b).

TES



ON THE OPTIMAL STOPPING PROBLEM FOR ONE-DIMENSIONAL DIFFUSIONS 17

Let (bn)n>1 C [c,b) be an increasing sequence such that b, — b as n — oco. Define

the stopping times
(5.1) o, =inf{t>0:X,¢ (c,by)}, n>1; and o =inf{t >0: X, ¢ (c,b)}.

Note that o, T 0 as n — oo. Since b is a natural boundary, we in fact have ¢ =

inf{t > 0: X; = ¢} almost surely. We can now state and prove the key

Proposition 5.1. For a function U : [¢,b) — [0,400), U(:)/¥(-) is G-concave on
[c,b) if and only if U(x) > E,[e ?"U(X,)], holds for every x € [c,b) and T € S.

Proof. Sufficiency follows from Lemma 4.3 when we let 7 be 0, oo, and 7, A 7., for
every choice of x € [I,r] C [¢,b). For the necessity, we only have to show (as in the

proof of Proposition 4.1) that
(5.2) U(x) > E[e PU(X,)], = €leb), t>0.

And as in the proof of Proposition 4.1, we first prove a simpler version of (5.2), namely

(5.3) Ulz) > B, [e P™U(X,n)], z € [e,D), t>0.

The main reason was that the behavior of the process up to the time o of reaching
the boundaries, is completely determined by its infinitesimal generator A. We can
therefore use It6’s rule without worrying about what happens after the process reaches

the boundaries. In the notation of (5.1), we have
(5.4) U(z) > E,[e P"U(X,, )], x€[e,b), t>0, n>1.

This is obvious, in fact as equality, for x ¢ (c,b,). For x € (c¢,b,), Xy e lives
in the closed bounded interval [c,b,] contained in the interior of Z; and ¢ and b,
are absorbing for {X, a; t > 0}. An argument similar to that in the proof of
Proposition 4.1, completes the proof of (5.4).

Since G(-) is continuous on [c,b), and U(-)/¢(:) is G—concave on [c,b), Proposi-
tion 2.4 implies that U is lower semi-continuous on [c, b), i.e., liminf, ., U(y) > U(x),
for every x € [¢,b). Because o, At — o At and X,, ny — Xops, a8 1 — 00, we have

Efe”"""U (Xop)] < Eq [liminf e "0 (X, 00)]

n—oo

< liminf E, [e ?""U (X, )] < U(z),

n—o0



ON THE OPTIMAL STOPPING PROBLEM FOR ONE-DIMENSIONAL DIFFUSIONS 18

from lower semi-continuity, nonnegativity, and (5.4). This proves (5.3). Finally,
since ¢ is absorbing, and o = inf{t > 0 : X; = ¢}, we have X; = X, = con {t > o}.

Therefore, (5.2) follows from (5.3) as in
E.[e PU(X})] = Eple U (Xopt)] < Egle PMU(X,00)] < U(z), x € [e,b), t >0,
and the proof is complete. 0

We shall investigate next, conditions, under which the value-function V'(-) is real-
valued. It turns out that this is determined by the quantity

+
& e

where h*(-) £ max{0, ~(-)} on [c,b).
We shall first show that V(z) = 400 for every x € (¢, b), if £, = +o0. To this end,

fix any = € (¢,b). Let (r,)nen C (2,b) be any strictly increasing sequence with limit

€ [0, o0,

b. Define the stopping times 7, = inf {t > 0: X, > r,}, n > 1. Lemma 4.3 implies

h(rn) ~ G(x) = G(e)
b(rn) Glra) = Gle)

On the other hand, since 7 = +o00 is also a stopping time, we also have V' > 0.

V(z) > Eyle ™ h(X,, )] = ¥(z) n>1.

Therefore

V() M) G@) =GO\ _ h(r) G -G@
o) =Y (wm) G‘(?"n)—G(C)) = Yra) Gl -0 "7

Remember that G is strictly increasing and negative (i.e., bounded from above).
Therefore G(b—) exists, and —oo < G(c¢) < G(b—) < 0. Furthermore since = > c,
we have G(z) — G(c) > 0. By taking the limit supremum of both sides in (5.6) as

(5.6)

n — —+oo, we find

V(z) _ h*(r,) . G(z) — G(c)
) = ) Gl - GO

Since = € (c¢,b) was arbitrary, this proves that V(z) = +oo for all z € (¢, b), if ¢, of

=0 2T e

(5.5) is equal to +o0.

Suppose now that ¢ is finite. We shall show that E,[e ?"h(X,)] is well-defined in
this case for every stopping time 7, and that V(-) is finite on [¢,b). Since ¢, < oo,
there exists some by € (c,b) such that h*(z) < (1 + £,)¢(z), for every x € (bg,b).
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Since h(:) is bounded on the closed and bounded interval [c,by], we conclude that

there exists some finite constant K > 0 such that

(5.7) h*(z) < Ki(x), forallx € [c,b).

Now read Proposition 5.1 with U £ 1), and conclude that

(5.8) Y(x) > By le (X)), VYae€leb), VresS.

This and (5.7) lead to Ktp(z) > E,[e #"hT (X, )], for every x € [c,b) and every T € S.
Thus E,[e ?"h(X,)] is well-defined (i.e., expectation exists) for every stopping time
7, and Kp(z) > E,[e P"hT(X,)] > E,[e P h(X,)], for every x € [c,b) and stopping

time 7, which means
(5.9) 0< V(x) < Kib(x)

i.e., V(z) is finite for every = € [¢,b). The following result has been proved (see Beibel
and Lerche [2, Theorem 1] for a conclusion similar to Propositions 5.2 and 5.10. See

also Beilbel and Lerche [1]).

Proposition 5.2. We have either V. = +oo in (¢,d), or V(z) < +oo for all x € [¢,b).
Moreover, V(x) < 400 for every x € [c,b) if and only if €, of (5.5) is finite.

In the remainder of this Subsection, we shall assume that
(5.10) the quantity ¢, of (5.5) is finite,

so that V() is real-valued. We shall investigate the properties of V'(-), and describe
how to find it. The main result is as follows; its proof is almost identical to the
proof of Proposition 4.2, with the obvious changes, such as the use of Proposition 5.1

instead of Proposition 4.1.

Proposition 5.3. V(-) is the smallest nonnegative magjorant of h(-) on [c,b) such
that V (-)/¥(-) is G-concave on [c,b).

We shall continue our discussion by first relating ¢, of (5.5) to V/(+) as in Proposi-
tion 5.4. Since V'(-)/¢(:) is G—concave, the limit lim,, V (z)/9(x) exists, and (5.9)
implies that this limit is finite. Since V/(-) moreover majorizes h'(-), we have

h+
(5.11) 0, = limsup ") < gy V()

@) S )~
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Proposition 5.4. If h(-) defined and bounded on compact subintervals of [c,b), and
if (5.10) holds, then
lim Viz)
z1b Y (x)
Proof. Fix any arbitrarily small € > 0, and note that (5.10) implies that the existence
of some [ € (¢,b) such that

= lp.

(5.12) yel,b) = h(y) <hT(y) < (b +)Y(y).

For every x € (I,b) and arbitrary stopping time 7 € S, we have {X, € [¢,])} C {r; <
7}, on {Xy = x}. Note also that the strong Markov property of X and (5.8) imply

that e #4)(X,) is a nonnegative supermartingale. Consequently,
E.le™"h(X:)] = Exle™ " h(X:) Lix, efeny] + Eale ™ h(X) 1 (x, en)]
< KEa[e"(X0) Lix eeny] + (6 + €)Bale™ 9 (X0) Lix e
< KEy[e (X ) Lnar] + (6 + €)Eule™ (X))
< KEa[e™"(X0) Ln<oo] + (b + £)1)(2)
= Kp()Eo[e™7] + (6 + )3 ()

x
< KO+ (6-+ 2)00) = Ko@) 2] + (6 + o),
where the right—hand side no longer depends on the stopping time 7. Therefore,
Vie) K
U(x) ~ e(l)

By taking limits on both sides as x tends to b, we obtain

. V(z) K B
19%1 o) < m@(b—) +l+e="0+¢,

since p(b—) = 0, and let € | 0 to conclude lim,, V' (x)/¢(x) < €. In conjunction
with (5.11), this completes the proof. O

o(x) + L, +¢, forevery x € (1,b).

Proposition 5.5. Let W : [G(c),0] — R be the smallest nonnegative magjorant of the
function H : [G(c),0] — R, given by
h(G' ()
(5.13) H(y) 2 { ¥(G(y))’
£b7 Zf Y= 0.

if ye€lG(c),0),
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Then V(z) = ¢(x)W (G(z)), for every x € [c,b). Furthermore, W(0) = €y, and W is

continuous at 0.

Since G(+) is continuous on [c,b) and V(+)/4(-) is G—concave, V (+)/1(+) is continu-
ous on (¢,b) and V(c)/¢(c) < liminf, .V (x)/¢(z). However, ¢(-) itself is continuous
on [c,b). Therefore, V() is continuous on (c,b) and V(c) < liminf, . V(z). An

argument similar to Dynkin and Yushkevich [8] gives

Proposition 5.6. If h: [c,b) — R is continuous, and (5.10) is satisfied, then V(-) is

continuous on [c,b).

In the remaining part of the subsection, we shall investigate the existence of an
optimal stopping time. Proposition 5.7 shows that this is guaranteed when ¢, of (5.5)
equals zero. Lemma 5.8 gives necessary and sufficient conditions for the existence
of an optimal stopping time, when ¢, is positive. Finally, no optimal stopping time
exists when /;, equals +00, since the value function equals +oo everywhere. As usual,

we define
(5.14) T'={z¢ccb):V(r)=h(z)}, and 7 £ inf{t >0: X, € T}.

Remark 5.1. Suppose W (-) and H(-) are functions defined on [G(c), 0] as in Propo-
sition 5.5. If T 2 {y € [G(c),0) : W(y) = H(y)}, then T' = G~(T),

Proposition 5.7. Suppose h : [c,b) — R is continuous, and ¢, = 0 in (5.5). Then

™ of (5.14) is an optimal stopping time.

Proof. As in the proof of Proposition 4.4, U(x) £ E,[e™®" h(X,)], * € [c,b), is

nonnegative, U(-)/¢(+) is F-concave, and continuous on [c¢,b). Since ¢, = 0,

9 oe s (G- = mes (5 vn)

(x)  Y(z) (x)  P(z)
is attained in [c, b). Now, the same argument as in the proof of Proposition 4.4, shows
that U(-)/v(-) majorizes h(-)/u(-). O

Proposition 5.8. Suppose £, > 0 is finite and h(-) is continuous. Then T of (5.14)

is an optimal stopping time if and only if there is no | € [c,b) such that (I,b) C C.!
IThis condition is stronger than the statement “for some [ € [e,b), (I,b) C I”. Indeed, suppose

there exists a strictly increasing sequence by, T b such that (b, ,bn,+1) C C for some subsequence

{bn, tken C T'. The original condition in Lemma 5.8 still holds, but there is no I € [¢,b) such that
(I,b) CT.
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Proof. This last condition guarantees that 6 of (5.15) is attained, and the proof of the
optimality of 7* is the same as in Proposition 5.7. Conversely, assume that (I,b) C C
for some [ € [¢,b). Then 7, < 7%, P,—a.s., for every = € (I,b). The optional sampling
theorem for nonnegative supermartingales implies
(5.16)  V(2) =E.[e " V(X,-)] <E,le""V(X,,)] = V(l)%, Ve (1,b),

2
where the last equality follows from (2.7). Since b is natural, (5.16) and Proposi-
tion 5.4 imply

Vie) _ V() p(x)

ly, = lim sup < lim sup =0,
o0 (@) T oel) o Y(z)
which contradicts with ¢, > 0. O

5.2. Both boundaries are natural. Suppose that both a and b are natural for the
process X in Z = (a,b). In other words, we have ¥(a+) = p(b—) = 0, ¥(b—) =
p(a+) = 400, and 0 < P(z), p(z) < oo, for x € (a,b).

Let the reward function h : (a,b) — R be bounded on every compact subset of
(a,b). Consider the optimal stopping problem

V(e) 2 supBlleh(X,)), @ € (a,b).
TES

In this subsection, we state the results without proofs; these are similar to the argu-

ments in Subsection 5.1. The key result is as follows.

Proposition 5.9. For a function U : (a,b) — [0,+00), U(:)/p(-) is F-concave
n (a,b) (equivalently, U(-)/¢(-) is G—concave on (a,b)), if and only if U(x) >
E.[e P U(X,)] for every x € (a,b) and T € S.

Proposition 5.10. We have either V = 400 in (a,b), or V(z) < 400 for all x €
(a,b). Moreover, V(x) < +o0o for every x € (a,b), if and only if

, ht(z) . h*(z)
5.17 (, & limsup and ¢, = lim sup
(517) P o) P )

are both finite.

In the remainder of this Subsection, we shall assume that the quantities ¢, and ¢,
of (5.17) are finite. Then lim, |, V(z)/¢(z) = £,, and lim,, V(z) /9 (x) = .

Proposition 5.11. V(+) is the smallest nonnegative majorant of h(-) on (a,b) such
that V' (-)/(+) is F—concave (equivalently, V(-)/v(-) is G—concave) on (a,b).
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Proposition 5.12. Let W : [0, +00) — R and W (—00,0] — R be the smallest

nonnegative concave majorants of

H(y) 2 »(F'(y) Fu=0 and F(y) 2 ©(G(y)’ f y<0 |
" yv=0 b, if y=0

respectively. Then V(z) = o(x)W (F(z)) = I/J(x)W(G(x)), for every x € (a,b).
Furthermore, W(0) = £,, W(O) = 0y, and both W (-) and W() are continuous at 0.

Remark 5.2. Suppose W(:) and H(-) be the functions defined on [0,+00) as in
Proposition 5.12. Let T' £ {y € (0,400) : W(y) = H(y)}. Then T = F‘l(f‘), where
I' is defined as in (5.14).

Proposition 5.13. V(-) is continuous on (a,b). If h: (a,b) — R is continuous, and

by, =0, =0, then 7" of (5.1/) is an optimal stopping time.

Proposition 5.14. Suppose that {,, £, are finite and one of them is strictly positive,

and h(-) is continuous. Then 7" of (5.14) is an optimal stopping time, if and only if

there is no r € (a,b) there is no | € (a,b)
such that (a,r) C C and < such that (I,b) C C
if by >0 if by >0

6. EXAMPLES

In this section we shall illustrate how the results of Sections 3-5 apply to various
optimal stopping problems that have been studied in the literature, and to some other

ones that are new.

6.1. Pricing an “Up—and—Out” Barrier Put—Option of American Type un-
der the Black—Scholes Model (Karatzas and Wang [12]). Karatzas and Wang [12]
address the pricing problem for an “up—and-—out” barrier put—option of American
type, by solving the optimal stopping problem
(6.1) V(z) £supE,[e (¢ — S:)" Liparyy], z € (0,d)

7>0
using variational inequalities. Here S is the stock price process governed under the

risk-neutral measure by

dSt = St(rdt + UdBt), S(] =T € (O,d),
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where B is standard Brownian motion; and the risk—free interest rate » > 0 and the
volatility o > 0 are constant. The barrier and the strike—price are denoted by d > 0
and ¢ € (0,d), respectively. Moreover 7, = inf{t > 0 : S(t) > d} is the time when
the option becomes “knocked-out”. The state space of S is Z = (0,00). Since the
drift r is positive, 0 is a natural boundary for S, whereas every ¢ € int(Z) is hit with
probability one.

We shall offer here a novel solution for (6.1) by using the techniques of Section 5.
For this purpose, denote by §t the stopped stock—price process, which starts in (0, d]
and is absorbed when it reaches the barrier d.

It is clear from (6.1) that V(z) =0, x > d. We therefore need to determine V' on
(0,d]. Note that V' does not depend on the behavior of stock—price process after it
reaches the barrier d, and we can rewrite

V(z) =supE, [e‘”h(@)], z € (0,d]

7>0

where h(z) = (¢ — x)* is the reward function (see Figure 1(a)). The infinitesimal
generator A of S is Au(z) £ (02/2)2*u"(x) + rau'(z), acting on smooth functions
u(+). The functions of (2.5) with 8 = r, turn out to be

2r

(x)=2x and p(z)=2a -2, z € (0,00).

Observe that ¥(0+) = 0, p(0+) = +o0o0. Thus the left-boundary is natural, and
the right-boundary is absorbing. This is the opposite of the case that we had studied
in Subsection 5.1. Therefore, we can obtain relevant results from that section, if we
replace ((-), G(+),4y) by (¢(), F(+),4,). The reward function A(-) is continuous on
(0,d]. Since

h*(x) 2r
b 2 1i = li —z)x?| =0
o = limsup 20 5" = limy [(q T)T ] :

the value function V'(-) is finite (Proposition 5.2). Therefore, V (z) = p(z)W (F(x)),
x € (0,d] by Proposition 5.5, where

A 20 A 2
(6.2) F(x):%:x“az =27, x€(0,d], 5:1+U—Z>1,

and W : [0,d’] — R is the smallest nonnegative concave majorant of

h _ 1 1
—)OF Y(y), ye(0,d” y' (g —y?)", ye(0,d
0

H(y) = (90

o, y=0 ) y=0
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To identify W (-) explicitly, we shall first sketch H(-). Since h(-) and ¢(-) are non-
negative, H(-) is also nonnegative. Note that H = 0 on [¢°,d’]. On (0,¢°%), H(z) =

ylf% (q — y%) is twice—continuously differentiable, and

1\ _1 1-08 _q42
H)=a(1-3)y 7~ 1 H@ =gy V<0 2e0d),

since 3 > 1. Hence H is the strictly concave on [0, ¢’] (See Figure 1(b)).

A A A
q Lz,
H .
h &l x ‘
W
. \ L\
0 q d 0 q° d’® 0 20 q° d’
(a) (b) (c)

FIGURE 1. Pricing Barrier Option

The strict concavity of H on [0, ¢°], guarantees the existence of a unique zy € (0, ¢°)

(Figure 1(c)), such that

d’g—ZQ dﬁ—ZO.

(6.3) H'(z9) =
Therefore the straight line L., : [0, d’] — R,

(6.4) L.y(y) 2 H(z0) + H'(20)(y — 20), y € [0,d”],

is tangent to H at zp and coincides with the chord expanding between (2o, H(20))
and (d?, H(d°) = 0) over the graph of H. Since H(z) > 0, (6.3) implies that L.,

is decreasing. Therefore L., > L. (d’) > 0 on [0,d"]. It is evident from Figure 1(c)

that the smallest nonnegative concave majorant of H on [0, d’] is given by

H(y), if ye|0,2) H(y), if y e [0, z)
Wi(y) =

) = d° —
L.y (y), if y € (2,d") H(z) if y € (20,d”]

Clﬁ—ZQ7

thanks to (6.3) and (6.4). The strict concavity of H on [0,¢”] also implies that
C2{ye0,d’]: W(y) > H(y)} = (=,d°).
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From (6.2), we find F~1(y) = /%, y € [0,d%]. Let z9 £ F~'(z) = 2. Then
xo € (0,d), and

q—x, 0 <z < o,
(6.5) V(z) = p(z)W(F(z)) = z dP—z P

(q_xo)._.

s — ro < x <d.
T

Since ¢y = 0 and h is continuous, the stopping time 7* of (5.14) is optimal (Proposi-
tion 5.7). Because the optimal continuation region becomes C £ {z € (0,d] : V(z) >

hz)} = F7H(C) = F((20,d")) = (0,d) (Remark 5.1), the optimal stopping time
becomes 7 = inf{t > 0:S; ¢ (x¢,d)}. Finally, (6.3) can be rewritten

(6.6) 1+6%:6+<%>6,

after some simple algebra using formulae for H, H' and zy = z(l)/ & Compare (6.5)
and (6.6) above with (2.18) and (2.19) in Karatzas and Wang [12, pages 263 and 264],

respectively.

6.2. Pricing an “Up—and—Out” Barrier Put—Option of American Type un-
der the Constant—Elasticity—of—Variance (CEV) Model. We shall look at the
same optimal stopping problem of (6.1) by assuming now that the stock price dy-

namics are described according to the CEV model,

dSy = rSydt + oS} ~*dB;, Sy € (0,d),

for some « € (0, 1). The infinitesimal generator for this process is A = 1o2a2(0-) &

ra-L, and the functions of (2.5) with 3 = r are given by

+o0
() =z, ¢)==1- / éexp {—Lzm}dz, z € (0,+00),

ao?

respectively. Moreover ¥(0+) = 0, p(0+) = 1 and ¢(+00) = +o00, p(4+00) = 0.
Therefore 0 is an exit—and-not—entrance boundary, and +oo is a natural boundary
for S. We shall regard 0 as an absorbing boundary (i.e., up on reaching 0, we shall
assume that the process remains there forever). We shall also modify the process such
that d becomes an absorbing boundary. Therefore, we have our optimal stopping

problem in the canonical form of Section 4, with the reward function h(x) = (¢—=z)7,
x € [0,d].
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One can show that the results of Section 4 stay valid when the left-boundary of
the state space is an exit—and-not—entrance boundary. According to Proposition 4.3,
V(z) =¢(x)W(G(x)), x € [0,d] with

(6.7) G@ﬁé—zg;:—lfx%em{—éﬁﬁﬂdm z € (0,d],

and W : (—o00,G(d)] — R (G(0+) = —o0) is the smallest nonnegative concave
majorant of H : (—oo, G(d)] — R, given by
[(2 — 1) o G_I] (y), if —oo<y<G(q)

T

©05) #0) 2 (F067) () - |
0, if G(g)<y<0

(4
Except for y = G(q), H is twice—differentiable on (—oo, G(d)). It can be checked that
H is strictly decreasing and strictly concave on (—o0, G(q)). Moreover H(—00) = +00
and H'(—o0) = —q, since G~!(—o0) = 0.
For every —oo <y < G(q), let z(y) be the point on the y—axis, where the tangent
line L,(-) of H(-) at y intersects the y—axis (cf. Figure 2(a)). Then

(6.9)

) =~ g~ GG ) - (-1 oG] ()

~ H'(y) —gqexp {522}) o G71] (y)

2r [t 1
= [(J—g / w2 exp {—éu%}du — 5exp {—éf“}) o G_l} (y),

where the last equality follows from integration by parts. It is geometrically clear

that z(-) is strictly decreasing. Since G~!(—o0) = 0, we have
2r [T et " 2a 1
z(—oo):;/o u™ )eXp{—wu }du—g
Note that G(q) < z(—o0) < 400 if 1/2 < a < 1, and z(—o0) = 400 if 0 < a < 1/2.
Case I. Suppose first G(d) < z(—o0) (especially, when 0 < o < 1/2). Then there
exists a unique yg € (—00, G(q)) such that z(ys) = G(d), thanks to the monotonicity
and continuity of z(-). In other words, the tangent line L, (-) of H(-) at y = yo < G(q)

intersects y—axis at y = G(d). It is furthermore clear from Figure 2(a) that
H(y), if —o0<y<uy

if yo <y <G(d)
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(a) (b)

FIGURE 2. (Pricing Barrier Options under the CEV Model) Sketches of
the functions H and W of Proposition 4.3, when (a) G(d) < z(—o0) (for
this sketch, we assume that z(—o0) is finite. However, z(—o00) = +0o0 is

also possible, in which case H does not have a linear asymptote), and

(b) G(d) > 2(—o0).

is the smallest nonnegative concave majorant of H of (6.8) on y € (—o0, G(d)]. Define
zo = G~ Y(yo). According to Proposition 4.3, V(x) = (x)W (G(x)), = € [0,d], i.e.,

q—z, if 0<ao<ux

Vi(z) = z  G(d)—G(x)

—xg) — =, if zg<ax<d
(@ =) o Gd) = Ga) 0

The optimal continuation region becomes C = (xg,d), and 7" = inf{t > 0: S, ¢

(x0,d)} is an optimal stopping time. The relation z(G(zo)) = G(d), which can be

written as
or [ 9 r 1 r 1 r
“ (a—1) {__ 2a}d _ {__ Za} - {__dQOc}
U ex U u ex T ex ,
% Juo P o2 q P o2 d PV o2

determines xy € (¢, d) uniquely.

Case II. Suppose now G(d) > z(—o0o) (cf. Figure 2(b)). It is then clear that
W(y) = —q|y — G(d)] is the smallest nonnegative concave majorant of H(-) of (6.8)
on (—o0, G(d)]. According to Proposition 4.3, V(z) = ¢(z)W(G(z)) = —qz[G(z) —
G(d)], = € [0,d], with V(0) = V(04) = ¢. Furthermore, the stopping time 7* £
inf{t > 0:5; ¢ (0,d)} is optimal.
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6.3. American Capped Call Option on Dividend—Paying Assets (Broadie
and Detemple [3]). Let the stock price be driven by

dSt = St [(r — (S)dt + O'dBt:|, t 2 O, So > 0,

with constant o > 0, risk—free interest rate r > 0 and dividend rate o > 0. Consider
the optimal stopping problem
(6.10) V(z) £sup E, [e" (S, A\L—K)*], z€(0,+0),

720

with the reward function h(x) £ (z A L — K)*, z > 0. The value function V(-) is the
arbitrage—free price of the perpetual American capped call option with strike price
K >0, and the cap L > K on the stock S, which pays dividend at a constant rate 9.
We shall reproduce the results of Broadie and Detemple [3] in this subsubsection.
The infinitesimal generator of X coincides with the second—order differential oper-
ator A 2 (62/2)2% L 4 (r — )z L. Let 71 < 0 < 72 be the roots of
1

o2
5021'24—(7“—5—?) z—1r=20.

Then the increasing and decreasing solutions of Au = ru are given by
Y(x) =27, and @(x) =2, x>0,

respectively. Both endpoints of the state-space Z = (0, +00) of S are natural (Sub-

section 5.2). Since

Bt Bt
ly £ limsup (z) =0, and [, = limsup (z)
w0 () r—too P(T)

=0,
the value function V'(+) of (6.10) is finite, and the stopping time 7* of (5.14) is optimal
(Proposition 5.13). Moreover V (z) = ¢(z)W (F(z)), where

F(x)éw@):xe, x>0, and 0=~y —v >0,
()

and W : [F(04), F(+00)) — [0, +00) is the smallest nonnegative concave majorant
of H : [F(0+), F(400)) — [0,+00), given by

0, if 0<y< K",

h
01 12 (L) ) = @Ky K <y <1
(L—-K)y™"° ify>L°
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thanks to Proposition 5.12. The function H(-) is nondecreasing on [0,+o00) and
strictly concave on [LY, +00). By solving the inequality H”(y) < 0, for K% <y < LY,
we find that

0 convex on  [K? L] N[0, (r/8)’K’]
H(:)is .
concave on [KH,LG} N [(r/5)9K0,+oo)
It is easy to check that H(LY)/L% > H'(L°+) (cf. Figure 3).
Let £.(y) £ y H(2)/z, for every y > 0 and z > 0. If (r/6)K > L, then

(6.12) Lie(y) > H(y), y=>0,

(cf. Figure 3(b)). If (r/6)K < L, then (6.12) holds if and only if
H(LY) L
H'(L’- S —
o <M= = ms—
(cf. Figure 3(d.f)). If (r/0)K < L and v, > L/(L — K), then the equation H(z)/z =
H'(z), K% < z < L’ has unique solution, zy = [y2/(72 — 1)}0[((’ > (r/6)?K?, and
L..(y) > H(y),y >0, (cf. Figure 3(c,e)). It is now clear that the smallest nonnegative

concave majorant of H(-) is
Lonro(y), if 0<y <z AL
W(y):{H(y), if >z AL’ }
in all cases. Finally

x
.fL'0/\L

xNL—K, if ©>x9AL

72
(:Uo/\L—K)( ) , f 0<x<agAL

Y

where 19 = F~1(2) = K 72/(72—1). The optimal stopping region is T' £ {x : V(1) =
h(z)} = [v9 A L, +00), and the stopping time 7* = inf{t > 0: S, € T'} = inf{t > 0 :
Sy > xo A L} is optimal. Finally, it is easy to check that v, = 1 (therefore zq = +00)
if and only if § = 0.

6.4. Options for Risk—Averse Investors (Guo and Shepp [9]). Let X be a
geometric Brownian Motion with constant drift 4 € R and dispersion ¢ > 0. Consider
the optimal stopping problem

(6.13) V(z)Esup E,[e"(1V X,)], z€(0,00),

>0



ON THE OPTIMAL STOPPING PROBLEM FOR ONE-DIMENSIONAL DIFFUSIONS 31

A A A
L(-) L")
7~ Lu() L)
WA H() WA LH()
AN ) / “ |
A A N
0 K% =z L 0 K9 z L°
(C)1<g<%772>L£K (e)5<1772>LK
A A A
Lol
LQ() ) ;C[ﬁ(') ,CLQ()
—
W) Ja) W), 7 H() w() 7 H()
! WY !
| /(3) K’ i
0 K’ Le 0 K° L? 0 K 16
(b) 52 % Di1<i<tn<gz Oi<Ln<g

FIGURE 3. (Perpetual American capped call options on dividend-
paying assets) Sketches of (a) the reward function h(-), and (b)—(f)
the function H(-) of (6.11) and its smallest nonnegative concave majo-
rant W (-).

In cases (b), (d) and (f), the left boundary of the optimal stopping
region for the auxiliary optimal stopping problem of (4.10) becomes L?,
and W (-) does not fit H(-) smoothly at L. In cases (c) and (e), the
left boundary of optimal stopping region, namely zg, is smaller than
L% and W (-) fits H(-) smoothly at 2.

where the reward function is given as h(z) = (IV ), z € [0,00), and [ and r positive
constants.

Guo and Shepp [9] solve this problem using variational inequalities in order to price
exotic options of American type. As it is clear from the reward function, the buyer

of the option is guaranteed at least [ when the option is exercised (an insurance for
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risk—averse investors). If 7 is the riskless interest rate, then the price of the option

will be obtained when we choose p = r. The dynamics of X are given as
dXt = Xt(,udt + O'dBt), Xt = c (0, OO),

where B is standard Brownian motion in R. The infinitesimal generator of X coincides
with the second-order differential operator A = (0%z?/2)(d?/dx?) + px(d/dz) as it
acts on smooth functions. Denote by v, vy = % [— (3—’; — ) F \/(i—’; — 1)2 + %} , with

v1 < 0 < 79, the roots of the second—order polynomial
20 2r

a2
flz) =2+ (;—1)x——.

The positive increasing and decreasing solutions of Au = ru are then given as

Ble) =2, and @) =a", € (0,40),

respectively. Observe that both end—points, 0 and 400, of state space of X are

natural, and

+o0, if r<p

h*(x) h'(z)

ly £ limsup =0, whereas (s = limsup =< 1, if r=u
=0 (T) r—too P(T)
0, if r>up
Now Proposition 5.10 and 5.13 imply that
V = 400, it r<p
V' is finite, but there is no optimal stopping time, if r=u

V is finite, and 7" of (5.14) is an optimal stopping time, if r > p

(Compare with Guo and Shepp[9, Theorem 4 and 5]). There is nothing more to say
about the case » < u. We shall defer the case » = u to the next Subsection®?. We
shall study the case r > p in the remainder of this Subsection.

According to Proposition 5.12, V(x) = ()W (F(x)) = 2mW (2?), = € (0,00),

where

F(z) = () =2 =27 € (0,00), BE v —m,

2In Subsection 6.5, we discuss a slightly different and more interesting problem, of essentially the

same difficulty as the problem with r = p.
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/ /

<y

FI1GURE 4. Options for risk-averse investors

and W : [0,00) — R is the smallest nonnegative concave majorant of

h(F! .
H(y) % @(F—l((yy));’ if y € (0,+00) Ho(y)=ly 7, if 0<y<V’
y o — . '
o, it y=0 Hy)=y =, if y=1’

In order to find W(-), we shall determine the convexities and the concavities of H(-),
which is in fact the maximum of the concave functions Hy(-) and Hi(-), with Ho(-) >
Hy(-) on [0,1°) and Hy(-) < Hi(+) on (I, 00). The function H(-) is strictly increasing
and continuously differentiable on (0,00)\{l°} (Figure 4(b)). There exist unique
2o € (0,1°) and unique 2; € (I°,00) (Figure 4(c)), such that

H(z1) — H(z)

21 — R0

(6.14) H'(z0) = = H'(z).

Since both Hy and H; are concave, the line-segment L., (y) = H(z) + H'(20)(y — 20),
y € (0,00), which is tangent to both Hy and H;, majorizes H on [0,4+00). The

smallest nonnegative concave majorant W of H on [0,00) is finally given by (cf.
Figure 4(c))

H(y), y €10, z0) U [21,00),
Ly(y): Y€ (20,21)-

Wi(y) =

By solving two equations in (6.14) simultaneously, we obtain

(6.15)

1-m 1=70 -n =70
-1 -1
20 = 18 ( 71 ) (70 > and 2 = 18 ( 1 > <70 )
-1 Yo 71 Yo
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and, if zg £ F~ (%) = zé/ﬁ and 71 £ F~1(z) = 2,/% then Proposition 5.12 implies

[ if 0 <z < x,
l T 71 T Yo
(6.16) V(z) = @(x)W(F(x)) = B [70 (—) - <—> ] , if xg < x <y,
Zo Zo
x, if o> .

Moreover, since C 2 {y € (0,00) : W(y) > H(y)} = (20,21), C 2 {z € (0,00) :
V(z) > h(z)} = FY(C) = FY((20,21)) = (0, 21). Hence 7 £ inf{t > 0: X, ¢
(20, 21)} is an optimal stopping rule by Proposition 5.13. Compare (6.16) with (19)
in Guo and Shepp [9] (al and bl of Guo and Shepp [9] correspond to zy and x; in our

calculations).

6.5. Another Exotic Option of Guo and Shepp [9]. The following example is
quite instructive, since it provides the opportunity to illustrate new ways for find-
ing the function W(-) of Proposition 5.12. It serves to sharpen the intuition about
different forms of smallest nonnegative concave majorants, and how they arise.

Let X be a geometric Brownian motion with constant drift » > 0 and dispersion
o > 0. Guo and Shepp [9] study the optimal stopping problem

Vi(z) & sup E, [ (IV X,] - K)'], 2 e€/(0,00),

where [ and K are positive constants and [ > K. The reward function h(z) =
([l V) — K)+ can be seen as the payoff of some exotic option of American type. The
riskless interest rate is r > 0, and K > 0 is the strike—price of the option. The buyer
of the option will be guaranteed to be paid at least [ — K > 0 at the time of exercise.
The value function V'(-) is the maximum expected discounted payoff that the buyer
can earn. If exists, we want to determine the best time to exercise the option. See
Guo and Shepp [9] for more discussion about the option’s properties.

As in the first subsection, the generator of X is A = (022%/2) (d?/dx?) +rx (d/dz),
and the functions of (2.5) with § = r are given by

27

Y(x)=x and p(z)=2"-2, z€(0,00).
Both boundaries are natural, h(+) is continuous in (0, 00), and

+ +
o £ limsup b (z) =0 and /. = limsup h(z)

L) pa T o M
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Since h is bounded on every compact subset of (0, 00), and both ¢, and /., are finite,
V' is finite by Proposition 5.10. Proposition 5.12 implies V(z) = ¢(z)W(F(z)),

x € (0,00), where

2
¥(z) =27, 2 €(0,00), with ﬁél+—z>1,
o

F(z) £

and W : [0,00) — R is the smallest nonnegative concave majorant of

h
—oF!y), ye€(0,00) B {(Z—K)yl—l/,@’ ogyglﬂ}

A

H(y) = ZJ o (yl/ﬁ _ K)yl—l/ﬁ’ y > 1°

In order to find W explicitly, we shall identify the concavities of H. Note that H' > 0
and H” < 0 on (0,1°), i.e., H is strictly increasing and strictly concave on [0, [”];
furthermore H'(0+) = +o00. On the other hand, H” > 0, i.e., H is strictly convex, on
(17, 4+00). We also have that H is increasing on (I, 4+00). One important observation
which is key to our investigation of W is that H’ is bounded, and asymptotically
grows to one:

0<H{P-)<H(y)<1,y>1" and lim H'(y)=1.

y—+oo

Figure 5(b) illustrates a sketch of H. Since H'(0+) = +oo and H'(I’—) < 1, the

FIGURE 5. Another Exotic Option

continuity of H’ and the strict concavity of H in (0, [”) imply that there exists a unique
2o € (0,1%) such that H'(zp) = 1. If L., (y) = H(z0) + H'(20)(y — 20) = H(20) +y — 20,
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y € [0,00), is the straight line, tangent to H at z (cf. Figure 5(c)), then

W()— H(y)7 OSySZO, G[OOO)
e L,(y), y> . ’ Ve

and
(6.17)
|- K, 0 <z < o,
V) = e@WF@) =y [(1 B %) - +% (xﬁo)l_ﬁ] . x>,

where 1o £ F~1(z) satisfies 79 = Zé/ﬁ = (1-1/p) (I — K). Compare (6.17) with
Corollary 3 in Guo and Shepp [9] (In their notation v = 1, v — 1 = 5, I* = z0.)
Finally, there is no optimal stopping time, since £o, = 1 > 0 and ([, +o0) C C = {x :
V(z) > h(z)} (Proposition 5.14).

6.6. An Example of H. Taylor [17]. Let X be one-dimensional Brownian motion
with constant drift p < 0 and variance coefficient 02 = 1 in R. Taylor [17, Example
1] studies the optimal stopping problem

V(z) £ sup E[e P (X,)T], z € R,

7>0

where the discounting rate # > 0 is constant. He guesses the value function and
verifies that his guess is indeed the nonnegative f—excessive majorant of the reward
function h(r) £ 2+ = max{0,z}, z € R.

The infinitesimal generator of X is A = (1/2) (d?/dz?*)+u (d/dx), and the functions
of (2.5) are

P(x) =€ and () = e, z € R,
respectively, where k = —p + /2 +28 > 0 > w 2 —p — /2 + 23 are the roots of

(1/2)m? + pm — 3 = 0. The boundaries +oo are natural. Observe that (—o0) =
o(400) = 0 and ¥(4+00) = ¢(—00) = +00. The reward function h is continuous and

ht h*
{_ = limsup () =0 and 4o = limsup (@)
Z——00 (,O(ZL’) T—+00 ¢(x)

= 0.

The value function V is finite (cf. Proposition 5.10), and according to Proposi-

tion 5.12, V(2) = (@)W (G(2), @ € R, where G(x) 2 —p(a)/U(x) = —e%,
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x € R, and W : (—00,0] — R is the smallest nonnegative concave majorant of
ﬁoGil(y)7 y<0 07 ye (_007_1]U{0}

H(y)={ ¥ = a :
i ') log (—y), y € (—1,0)

€+OO7 y:() w — K

where o & —*~ (0 < a < 1). Note that H(-) is piecewise twice differentiable. In fact,

R—Ww

H'(y) = (=y)*~*alog (=y) + 1] /(k — w) and H"(y) = (—y)**[a(a — 1) log (—y) +
a+ (a—1)]/(k—w) when y € (—1,0), and they vanish on (—oo, —1). Moreover,

H'(y) <0 = —e GBVIEF2 ¢ (1 0).
and H'(M) = 0 gives the unique maximum M = —e~%/* € (T,0) of H(-) (cf. Fig-
ure 6(b)).
A

A
v

o
S
<A

Ficure 6. H. Taylor’s Example

Since H(-) is concave on [T}, 0], and decreasing on (—oo, M|, M € (T,0), its smallest

nonnegative concave majorant becomes

H(M), ye€ (—oo, M)

Wiy) = { } :

H(y), ye[M,0]

If we define 29 = G~ (M) = 1/a(k — w) = 1/k > 0, then
ek, 1< 1/k,

{ x, x> 1/k.
Compare this with f(-) of Taylor [17, page 1337, Example 1] (In his notation, a =
1/k). Finally, note that C £ {x € R : V(z) > h(z)} = G'({y € (—00,0) :
W(y) > H(y)}) = G'((—o0,M)) = (—o0,1/k); and because (_o = {10 = 0,
Proposition 5.13 implies

™2inf{t>0: X, ¢ C}=inf {t>0:X,>1/k}
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is an optimal stopping time (although P,{7* = 400} > 0 for = < 1/k if pu < 0).

6.7. An Example of P. Salminen [16]. Let X be a one-dimensional Brownian
motions with drift x4 € R. Salminen [16, page 98, Example (iii)] studies the optimal
stopping problem

V(z) £ supE,[e ""h(X,)], zeR

720

with the piecewise constant reward function

1, if <0 hi(z), if <0
h(z) =
2, if >0

ho(z), if x>0
and discounting rate § > 0. Salminen uses Martin boundary theory (see 8) to solve

}, hi =1, ho =2, on R,

the problem explicitly for pu = 0.

Even though A(-) is not differentiable at the origin, we can use our results of
Section 5 to calculate V(-). Note that X; = ut+ B;, t > 0, and Xy = z € R, where B
is standard one-dimensional Brownian motion. Its generator is A = (1/2) (d?/dxz?) +
w(d/dx), and the functions of (2.5) are

P(x) =€ and () = e, z € R,

respectively, where k 2 —p 4+ /2 +26 >0 > w 2 —pu — \/p2 + 23 are the roots of
+m? + pm — § = 0. The boundaries +o00 are natural, and ¢)(—c0) = ¢(+00) = 0 and
(+00) = p(—00) = +oo. Note that
h* h*
(_oo £ limsup (z) =0 and (i £ limsup (z)
T——00 QO(:E) Tr—+00 77/)(31/‘)
Since h(-) is bounded (on every compact subset of R), V() is finite (cf. Proposi-
tion 5.10), and V(x) = p(x)W (F(x)), z € R (cf. Proposition 5.12), where

=0.

F(r) & zgg = elnwle, z € R,

and W : [0, 00) be the smallest nonnegative concave majorant of

B F1y), e (0,+00) {Hl(y), O§y<1}

H(y) £ ¢ _
67007 y:o HQ(y); yZ ].

where Hi(y) = 7, Hy(y) = 27, y € [0,4+00), and 0 < v & —w/(k —w) < 1.
Both H;(-) and Hy(-) are nonnegative, strictly concave, increasing and continuously
differentiable. After y = 1, H(-) switches from curve Hy(-) onto Hs(-) (Figure 7(b)).
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A A
hg =2 r\2
h \i//v? o 2
gt
— 4 1
hl =1
= 0 z 0

FIGURE 7. P. Salminen’s Example

The strict concavity of H(-) on [0, 1], and H'(0+) = +o0o, imply that there exists
a unique 2o € (0,1) such that

]_—ZO 1—20

(6.18) H'(z) =

i.e., such that the straight line L. (-) tangent to H(-) at zo also passes through the
point (1, H(1+)) (cf. Figure 7(c)). Therefore, the smallest nonnegative concave
majorant of H(-) is

H(y)7 ye [O:ZO] U(1,+OO),

Lzo(y>7 y e (ZOJ 1]

If we let 29 2 F~'(2), then

1, if x<ux
1_2H1‘0 wT __ 1_2wx0 KX

Vi) = plaW(F) = § L2 022 o
2, if ©>0

Since A(-) is not continuous, we cannot use Proposition 5.13 to check if there is an
optimal stopping time. However, since C £ {z € R : V(x) > h(x)} = (x0,0], and
Po(m* = 0) = 1, we have Egle ? h(X,+)] = h(0) = 1 < 2 = V(0), i.e., 7" is not
optimal. Therefore there is no optimal stopping time, either.

Salminen [16] calculates the critical value z( explicitly for ;1 = 0. When we set
pu=0,weget k = —w=+/20, 7= 1/2, and the defining relation (6.18) of zy becomes

1 - 1
§z01/2+§z(1)/2:2 — 20—42'(1)/2—1—1:0,
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after simplifications. If we let yy £ 23/2, then v is the only root in (0, 1) of y?—4y+1 =
0,i.e., 9o =2— 4 —1=2—+/3. Therefore z, = (2 — +/3)?. Finally,
1 1
=F'(2) = ——1 =——1log(2—V3), if u=0
Zo (20) e B0 mog( \/_), i p 5

which agrees with the calculations of Salminen [16, page 99].

6.8. A New Optimal Stopping Problem. Let B be one-dimensional standard
Brownian motion in [0, co) with absorption at 0. Consider
V(2) 2 sup B, (B,)"), x € [0,00).
7>0

for some § > 0 and p > 0. Hence our reward function h : [0,00) — R is given
as h(x) £ P, which is locally bounded on [0, 4+00) for any choice of p > 0. With
A = (1/2)d?/dz?, the infinitesimal generator of Brownian motion, acting on the
twice—continuously differentiable functions which vanish at +o0o, the usual solutions
of Au = [u are

V() =eVP and @(r)=e VP 2 €T =R>DI[0,00).

The left boundary ¢ = 0 is attainable in finite time with probability one, whereas the
right boundary b = oo is a natural boundary for the (stopped) process. Note that

h(-) is continuous on [0, 00), and

: ht(z) . h(x) : e
(oo 2limsup ——2 = lim ——=% = lim aPe *V?# = 0.
* rroo U(x)  a—too th(x)  a—too

Therefore, the value function V (-) is finite, and V(x) = ¢(2)W (G(z)), x € [0, 00) (cf.

Proposition 5.5), where G(z) £ —(z) /() = —e 2*V?8 for every x € [0,00), and

W : [-1,0] — R is the smallest nonnegative concave majorant of
h I
H) £ 2067 0) = (5755 ) [~loe (o) V=5 we-Lo)

and H(0) £ ¢, ., = 0. The function W (-) can be obtained analytically by cutting off
the convexities of H(-) with straight lines (geometrically speaking, the holes on H(-),
due to the convexity, have to be bridged across the concave hills of H(-), see Figure 8).
Note that H(-) is twice continuously differentiable in (—1,0); if 0 < p < 1, then
H"(-) <0, so H(-) is concave on [—1,0], and W(-) = H(-). Therefore Proposition 5.5
implies that V(-) = h(:), and 7" = 0 (i.e., stopping immediately) is optimal.

In the rest of this Subsection, we shall assume that p is strictly greater than 1.
With T £ —6_2\/m, H(-) is concave on [—1,T], and convex on [T,0]. It has



ON THE OPTIMAL STOPPING PROBLEM FOR ONE-DIMENSIONAL DIFFUSIONS 41

unique maximum at M £ —e~? > T, and nonnegative everywhere on [—1,0] (cf.
Figure 8(a)). If L,(-) is the straight line, tangent to H(-) at z (so-called Smooth—Fit

H 0

\
!
!
CO :

|
concave H

[}

e
B bt
1

—1 T M 0 -1 T 2z M z |0
(a) (b)

FIGURE 8. A new optimal stopping problem

in the context of variational inequalities), then there exists unique zy € [T, M) such
that to

L(—1)=H(-1) <= —z =¥/l

and

Lzo(y)a if Yy S [_]-aZO),
H(y)7 if ye [20,0].

(6.19) W(y) =

(See Figure 8(b)). Finally, V(x) = ¢(x)W(G(x)), for every x € [0, 00), that is,

H(Zo) 1
/203 —x+/208 :
e —e if 0<a<— log (—zp),
1+ 2 ’ =7 = 228 g (—20)
(6.20) V(z) =
2 . 1
x°, if x> —

Qm lOg (_ZO)'

Since C £ {y € [-1.0) : W(y) > H(y)} = (—1, ), by Remark 5.1, the optimal con-
tinuation region and optimal stopping time for our original optimal stopping problem

become respectively

C=2 (0, —ﬁlog (—ZO)) and 7" = inf {t >0: B> —ﬁlog (—zo)} :
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6.9. Optimal Stopping Problem of Karatzas and Ocone [11]. Karatzas and
Ocone [11] study a special optimal stopping problem in order to solve a stochastic
control problem. In this subsection, we shall take another look at the same optimal
stopping problem.

Suppose that the process X is governed by the dynamics dX; = —0dt + dB; for
some positive constant 6, with infinitesimal generator A = (1/2)d?/dx?—60d/dz. Since
400 are natural boundaries for X, the usual solutions of Au = [u, subject to the
boundary conditions (—o0) = ¢(c0) = 0, become ¥ (z) = e, p(x) = e“*, where
né9+\/Mandwé9—\/m.

Now consider the stopped process, again denoted by X, which is started in [0, c0)
and is absorbed when it reaches 0. Consider the optimal stopping problem

inf E, {/ e Ptr(X,)dt +e " g(X,) |, x€0,00),
0

TES
with 7(z) £ 22 and g(z) = dz%. If we introduce the function

(6.21)
Rym(z) 2 E, {/C’O e_ﬁtW(Xt)dt} _ %xz B ;_Zx + 29;:— g 20;:- ﬁe“’x7
0

then, the strong Markov property of X gives

z € [0, 00),

E, [ | e+ e%om} — Rym(z) — Eoe " (Rym(2) — g(x))], « € [0,00).
0

Therefore, our task is to solve the auxiliary optimal stopping problem

(6.22) V(z) £ Sli[g E.[e ™ h(X,)], z€]0,00).

Here, the function _

1-08 , 26 200 +03  20°+3 .
- Tt 3 3 ©
B G 8 B
is continuous and bounded on every compact subinterval of [0, c0), and
h* h
(oo = limsupﬂ = lim ﬂ
s—o0  P(T) =00 ()
Therefore V (+) is finite (Proposition 5.2), and an optimal stopping time exists (Propo-
sition 5.7). Moreover, V(z) = ¢(z)W (G(z)) (Proposition 5.5), where

h(z) £ Rgm(z) — g(x)

, x €10,00).

=0.

z € [0, 00),
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and W (-) is the smallest nonnegative concave majorant of

Hiy) 2 o G (y) = (—)*[a (log (—))* + b log (=) +¢] Ty, y e [-1,0),

(G
with H(0) £ o, = 0, and
1-68 1 20 1 202 + 3
6.23 a_F s pa 201 s |
623) =T T o Rw-r B

Observe that 0 < a < 1,a € R, b >0, and ¢ > 0.
We shall find W (-) analytically by cutting off the convexities of H(-). Therefore,
we need to find out where H(:) is convex and concave. Note that H() is twice—

continuously differentiable in (—1,0), and

(6.24) H'(y) = —(—y)* " [aa(log (—y))2 + (ab+ 2a)log (—y) + ac+b] +c,
(6.25)  H"(y) = ()" Qi (log (-y)), v € (-1,0),

Q1(z) £ ala —1)az® + [a(e— 1)b+ 2a(2a — 1)z + 2a + (2a — 1)b+ (o — 1)c

for every x € R, is a second-order polynomial. Since (—y)*~2 > 0, y € (—1,0), the
sign of H” is determined by the sign of @1 (log (—y)). Since log (—y) € (—00,0) as
y € (—1,0), we are only interested in the behavior of Q(z) when x € (—o00,0). The

discriminant of (; becomes

>+5 =
2 Al=—————0Q1(1-9
(6.26) BTz Qﬁ)3ﬂ2Q1( B),
where
. 5ﬂ2 5ﬁ2
AL 2 _ 2
is also a second—order polynomial, which always has two real roots,
- 632 ~ 032
L B s

One can show that
A <0 <= 6§60*+p) <1

Therefore, Q,(-) has no real roots if §(#*+3) < 1, has a repeated real root if §(6?+3) =
1, and two distinct real roots if §(#* + 3) > 1. The sign of H”(-), and therefore the
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regions where H(-) is convex and concave, depend on the choice of the parameters ¢,
0 and (.

Case 1. Suppose §(* + 3) < 1. Then Q;(-) < 0, and H"(-) < 0 by (6.25). Thus
H(-) is concave, and W(-) = H(-). Therefore V() = h(-) and the stopping time
7" =0 is optimal thanks to Propositions 5.5 and 5.7.

Suppose now §(6% + 3) > 1; then @Q:(+) has two real roots. The polynomial Q(-),
and H"(-) by (6.25), have the same sign as a(a — 1)a. Note that a(a — 1) is always
negative, whereas a has the same sign as 1 — 63 thanks to (6.23).

Case II. Suppose §(6% + 3) > 1 and 1 — §3 < 0. The polynomial Q;(-) has two
real roots ¢; < 0 < go; and H () is strictly concave on [—1, —e?'], and strictly convex
on [—e?,0] (=1 < —e? < 0), has unique maximum at some M € (—1,—e?), and
H(M) > 0 (see Figure 9(a)). Let L.(y) = H(z) + H'(2)(y — 2), y € [~1,0] be the

FIGURE 9. Sketches of (a) H(-) (may become negative in the neigh-
borhood of zero as H looks like), (b) H(-) and W, in Case II.

straight line, tangent to H(-) at z € (—1,0); then, there exists unique zy € (M, —e?]
such that L, (0) = H(0) (see Figure 9(b)), and the smallest nonnegative concave

majorant of H(-) is

(627) Wiy) = H(y), if yel-1, %)
. e Lzo(y)’ if Yy e (2070] .

Moreover, trivial calculations show that log (—z) is the unique solution of

(1—a)[aaz‘2+bx+c] =2ar+0b, x€ [log (_M)7QI]7



ON THE OPTIMAL STOPPING PROBLEM FOR ONE-DIMENSIONAL DIFFUSIONS 45

and C 2 {y € [-1,0] : W(y) > H(y)} = (20,0) (cf. Figure 9(b)). Proposition 5.5
implies

h(z), if 0 <2<z
(6.28) V(r) = ,
Mh(mo), if zp << o0
(o)
with 29 2 G~*(2), and the optimal continuation region becomes C = G—(C) =

G ((20,0)) = (zo,00). We shall next look at the final case.

L,
concave concave
=l =t

I Lzl
I
I
| h |
| : H : :

W | C
| | | |
| | 1 | 1
Z2 21 2

—ed2 —edt 0

F1GURE 10. Sketches of (a) H(-), (b) H(-) and W, in Case III. In
(a), H depicts another possibility where H takes negative values, and

its global maximum is contained in [—e?, 0].

Case III. Suppose §(0? + 3) > 1 and 1 — 63 > 0. The polynomial Q;(-) again
has two real roots ¢; < ¢o; and H(-) is convex on (—e%, —e?), and concave on
[—1,0]\(—e®, —e?), positive and increasing in the neighborhoods of both end—points
(see Figure 10(a)). If L.(y) & H(z) + H'(2)(y — 2), y € [~1,0], is the tangent line
of H(-) at z € (—1,0), then there are unique —1 < z5 < 2z; < 0, such that L, (-) is
tangent to H(-) both at z; and 2z, and L., (-) > H(-), on [—1,0]. In fact, the pair

(2,2) = (22, 21) is the unique solution of ezactly one of the equations,

H(z) - H(Z) =H'(2), 2> -1, and H'(2)= H(z)_—([_-]l()—l)7 z= -1,

z—2z

H'(z) =
for some z € [—1, —e®], z € [—e?,0). Finally,

L., (y), if y € [29, 21],
H(y), if ye|[—1,2)U(2,0],

(6.29) Wiy) =
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(Figure 10(b)). The value function V(-) of (6.22) follows from Proposition 5.5. Since

= {y € [—-1,0] : W(y) > H(y)} = (22, z1), the optimal continuation region becomes
C = GYC) = (GY(2),GY(21)), and the stopping time 7 £ {t > 0 : X, ¢
(G71(= ), G7(21))} is optimal.

7. SMOOTH-FIT PRINCIPLE AND NECESSARY CONDITIONS FOR OPTIMAL
STOPPING BOUNDARIES

We shall resume in this Section our study of the properties of the value function
V(+). For concreteness, we focus on the discounted optimal stopping problem intro-
duced in Section 4, although all results can be carried over for the optimal stopping
problems of Sections 3 and 5.

In Section 4, we started by assuming that h(:) is bounded, and showed that
V(-)/e(-) is the smallest nonnegative F—concave majorant of h(-)/¢(-) on [¢,d] (cf.
Proposition 4.2); the continuity of V'(-) in (¢, d) then followed from concavity. The F—
concavity property of V(-)/¢(:) has further implications. From Proposition 2.6(iii),

we know that D% (V/¢) exist and are nondecreasing in (c, d). Furthermore,’

(7.1) j—; (g) (z) > 5—; (g) (z), 2 € (cd).

Proposition 2.6(iii) implies that equality holds in (7.1) everywhere in (¢, d), except

possibly on a subset N which is at most countable, i.e.,

FE)o-F(E)@=5 (5o e

Hence V(-)/¢(+) is essentially F—differentiable in (c,d). Let
T2 {zxcled:V(x)=hx)} and C=2c,d\l ={z€[c,d:V(z)>h(z)}

When the F-concavity of V(-)/¢() is combined with the fact that V(-) majorizes
h(-) on [e, d], we obtain the key result of Proposition 7.1, which leads, in turn, to the
celebrated Smooth—Fit principle.

Proposition 7.1. At every x € ' N (c,d), where Dy (h/¢)(z) exist, we have

£ o (D=5 (D=5 ()1

3The fact that the left—derivative of the value function V(-) is always greater than or equal to the
right—derivative of V() was pointed by Salminen [16, page 86].
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Proof. The second inequality is the same as (7.1). For the rest, first remember that
V(-) = h(:) on I'. Since V(-) majorizes h(:) on [c,d], and F(-) is strictly increasing,
this leads to

- wWou wow mo
(7‘2) w(y 2 > ¢l w(z and w(z pl) > o o(z ’
F(y) = F(z) — F(y) — F(z) F(z) = F(z) — F(z) — F()

for every 2 € T', y < z < z. Suppose = € I'N (¢, d), and D7 (h/p)(z) exist. As
we summarized before stating Proposition 7.1, we know that D% (V/ go) (x) always
exist in (c,d). Therefore, the limits of both sides of the inequalities in (7.2), as
y T = and z | x respectively, exist, and give Dy (h/p) (x) > Dz (V/p)(z), and
D} (V/p) (x) > Df. (h/p) (), respectively. O

Corollary 7.1 (Smooth—-Fit Principle). At every z € I'N(c,d) where h(-)/p(-) is F—
differentiable, V (-) /() is also F—differentiable, and touches h(-)/@(+) at x smoothly,

in the sense that the F—derivatives of both functions also agree at x:

5()o-i (o

Corollary 7.1 raises the question when we should expect V' (+)/¢(+) to be F—differentiable
in (¢,d). If h(-)/p(:) is F—differentiable in (c,d), then it is immediate from Corol-
lary 7.1 that V(-)/¢(+) is F—differentiable in I'N (¢, d). However, we know little about
the behavior of V'(-)/¢(-) on C = [¢,d]\I" if h(-) is only bounded. If, however, h(-) is
continuous on [, d], then V() is also continuous on [¢,d| (cf. Lemma 4.2), and now
C is an open subset of [c, d]. Therefore, it is the union of a countable family (J,)aen

of disjoint open (relative to [c, d]) subintervals of [¢,d]|. By Lemma 4.3,

(7.3)
V(@) _ Bole " h(Xr)] _ V() Flra) = Fl@) V() F(@)-Fl.)
<p(l‘) QO(I) @(la) F(Ta) - F(lcx) 90<Toz> F(rcx) - F(lt;v)7 v

where [, and r, are the left— and right-boundary of J,, a € A, respectively. Ob-
serve that V(-)/¢(:) coincides with an F-linear function on every J,, i.e., it is F—
differentiable in J, N (¢, d) for every a € A. By taking the F—derivative of (7.3), we
find that

d (V 1 V(ra V(g
0 (5) O s e ) TER0 e
is constant, i.e., is itself F—differentiable in J, N (¢,d). Since C is the union of

disjoint J,, a € A, this implies that V(-)/¢(+) is twice continuously F—differentiable
in CN(c,d). We are ready to prove the following result.
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Proposition 7.2. Suppose h(-) is continuous on [c,d]. Then V(-) is continuous on
le,d], and V(+)/p(+) is twice continuously F—differentiable in CN(c,d). Furthermore,
(i) if h(-)/@(+) is F—differentiable in (c,d), then V(-)/p(-) is continuously* F-
differentiable in (c,d), and
(ii) if h(-)/p(-) is twice (continuously) F—differentiable in (c,d), then V(-)/¢(-) is
twice (continuously) F—differentiable in (c, d)\0C,
where OC s the boundary of C relative to R or [c,d).

Proof. Since h(-) and F are continuous, V(-) is continuous by Lemma 4.2. We also
proved above that V(-)/¢(+) is F—differentiable in C N (¢, d) (this is always true even
if h(-)/¢(-) were not F—differentiable).

(i) If h(-)/p(-) is F—differentiable in (¢, d), then the F—differentiability of V'(-)/¢(-)
in (¢,d)\C = (c¢,d) N T follows from Corollary 7.1. Therefore V(-)/¢(:) is F-
differentiable in (¢, d) = [(¢,d)\C] U C by the discussion above. However, V (-)/¢(+)
is also F—concave on [c,d], and F' is continuous on [c,d]. Therefore Dp (V/¢) (+) is
continuous on (¢, d).

(ii) We only need prove that V(-)/p(-) is twice (continuously) F—differentiable in
(c,d)\C where C is the closure of C relative to [c,d]. However (c,d)\C is an open
set (relative to R) contained in I'" where V(-) and h(-) coincide. Because we assume

h(-)/p(-) is twice (continuously) F—differentiable, the conclusion follows immediately.
U

Proposition 7.3 (Necessary conditions for the boundaries of the optimal contin-
uation region). Suppose h(-) is continuous on [c,d]. Suppose l,r € T'N (¢, d), and
h(:)/¢(:) has F-derivatives at I and r. Then Dp(V/p)(-) exists at | and r. More-

over, we have the following cases:

(i) If (I,r) C C, then

i (3)0=i () 0= Fh- =i ()0 =ik (2) o

and,

= 2 F@ - F o)

) ), xellr], 0=1,r.

4Note that this is always true no matter whether Dp(h/p) is continuous or not. As the proof

indicates, this is as a result of F—concavity of V(-)/¢(-) and continuity of F on [c,d].
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(i) If [e,r) C C, then

i (2) 0= (5) 0= Fr 7w

and,
V@) ) e - re - (P o) = F@) - 1L (P ), wefer
M @) - ) g (1) 0 = [P - F) g (2) 0 welen

(iii) If (I,d] C C, then

i (5) 0= (5) 0= Far=rw w0

Viz) _ h(D) ) L EA VN d (h i
oo~ o T @ - FOl R (w) () = [Fl) - F(d)] 57 (w) (), we(ld.

Proof. The existence of DF(V/ 4,0), and its equality with Dpg (h/ 4,0) at [ and r, follow
from Corollary 7.1. Therefore, the first and last equality in (i), and the first equalities

in (ii) and (iii) are clear.

Note that the intervals (I,7), [c,r) and (I,b] are all three possible forms that J,,
a € A can take. Let [, and 7, denote the left— and right—boundaries of intervals,
respectively. Then (7.4) is true for all three cases.

In (i), both [, = [ and r, = r are in I". Therefore, V(1) = h(l) and V(r) = h(r),
and (7.4) implies

d [V 1 h(r)  h(
(75) 77 (5) @ = 5w o~ ) <O
Since V' ()/¢(+) is F—concave on [c,d] D [l,r], and F' is continuous on [c,d], Propo-
sition 2.6(iii) implies that D} (V/p) and D (V/p) are right— and left—continuous
in (c,d). Because V(:)/p() is F-differentiable on [l,r], DE (V/p) and Dg (V/p)

coincide on [l,r]. Therefore Dp (V/p) is continuous on [[,r], and second and third

equalities in (i) immediately follow from (7.5). In a more direct way,

>
=

5 n-5 (ot (C)or-mis ()~ £

5005 ()0 (- (- 25

Same equalities could have also been proved by direct calculation using (7.3).

b

v
=
— o~

~
=

=sihS
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The proofs of the second equalities in (ii) and (iii) are similar, once we note that
V(c) =0if c € C, and V(d) = 0 if d € C. Finally, the expressions for V(-)/¢(+)
follow from (7.3) by direct calculations; simply note that V(-)/¢(-) is an F-linear
function passing through (la, (V/¢)(ls)) and (ra, (V/@)(ra)). O

We shall verify that our necessary conditions agree with those of Salminen [16,

Theorem 4.7]. To do this, we first remember his

Definition 7.1 (Salminen [16], page 95). A point z* € T is called a left boundary
of T if for e > 0 small enough (z*,2* +¢) C C and (z* —e,2*] CT'. A point y* € T
is called a right boundary of T if for ¢ > 0 small enough (y* — ¢,y*) C C and
ly*,y*+¢) CT (c¢f. Figure 11 for illustration).

Tt —¢ ¥ xt+e y*—e¢ y* y*+e€

FiGURE 11. z* is a left- and y* is a right-boundary point of T'.

We shall also remind the definitions of the key functions G,(-) and G,(-) of Salmi-
nen’s conclusion. At every z € (¢, d) where h(-) is S—differentiable, let

dh dy i dh

(16)  Gile) 2 p(a) 1o (@) — h(@)5(@) and Galw) & hw) 5 - v(@) o).

Proposition 7.4. Suppose h(-) is continuous on [c,d]. If h(:), ¥(-) and ¢(-) are
S—differentiable at some x € (c¢,d), then h(-)/o(-) and h(-)/¥(-) are F— and G-

differentiable at x, respectively. Moreover,

where Gy(z) and Gu(x) are defined as in (7.6), and the Wronskian W (¢, p) =
gp(~)%(-) — w(-)%(-) is constant and positive (cf. Section 2).
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Proof. Since h(-), ¥(-) and ¢(-) are S—differentiable at =, h(-)/p(-) and F' are S—
differentiable at x. Therefore, Dp (h/ <p) exist at z, and equals

d (h a5 (2) Dsh- ¢ —h- Dsg
ﬁ(E) (@) = d—FSO (x):Dsl/}'SD—l/)'DSSO(x)

ds
1 dh dy Gy(2)
7.8 = — r)—(x)— h(zr) —=(2)| = ———,
7 W(w, ) {9”( Vas' M 4] = g
where Dg = -£. Noting the symmetry in (¢, F) versus (¢, G), we can repeat all

arguments by replacing (¢, ¥) with (¢, —¢). Therefore it can be similarly shown that
D¢ (h/v)(z) exists and Dg(h/¢)(z) = —Gu(z)/W (¥, ¢) (note that W (—¢,¢) =
W (1, ¢)). O

Corollary 7.2 (Salminen [16], Theorem 4.7). Let h(-) be continuous on [c,d]. Suppose
[ and r are left— and right-boundary points of T', respectively, such that (I,7) C C.
Assume that h(-), ¥(-) and @(-) are S(scale function)-differentiable on the set A =
(I =& lJU[r,r+¢) for some e > 0 such that A C T'. Then on A, the functions Gy,

and G, of (7.6) are non—increasing and non—decreasing, respectively, and
Gy(l) = Gu(r),  Gall) = Ga(r).

Proof. Proposition 7.4 implies that Dp(h/¢) and D¢ (h/v) exist on A. Since [,r € T
and (I,7) C C, Proposition 7.3(i) and (7.7) imply

Gu(l) _ d (ﬁ) =24 (ﬁ) (r) = G(r)
W(b,p)  dF \¢ dF \ ¢ Wi, )’
i.e., Gy(I) = Gy(r) (Remember also that the Wronskian W (i, ¢) = %go — @/JZ—‘SP of
() and ¢(+) is a positive constant; see Section 2). By symmetry in the pairs (p, F)
and (¢, G), we have similarly G,(I) = G,(r).
On the other hand, observe that Dp (V/ gp) and DG(V/ ¢) also exist and, are equal
to Dp(h/¢) and Dg(h/1) on A, respectively, by Corollary 7.1. Therefore

d [V Gy(z d (V G,z
9 (50w ()0 T
by Proposition 7.7. Because V(-)/¢(:) is F—concave, and V(-)/¢(-) is G—concave,
Proposition 2.6(i) implies that both Dp (V/ go) and Dg (V/ ¢) are non—increasing on
A. Therefore (7.9) implies that G} is non-increasing, and G, is non—decreasing on
A. O
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8. CONCLUDING REMARKS: MARTIN BOUNDARY THEORY AND OPTIMAL
STOPPING FOR MARKOV PROCESSES IN GENERAL

We shall conclude by pointing out the importance of Martin boundary theory (cf.
Dynkin [6, 7]) in the study of optimal stopping problems for Markov processes. This
indicates that every excessive function of a Markov process can be represented as
the integral of minimal excessive functions with respect to a unique representing
measure. If the process X is a regular one-dimensional diffusion with state space
Z, whose end—points are a and b, then Salminen [16, Theorem 2.7] shows that the

minimal f—excessive functions are

ka() 2 0(), k() 20(), k()=

<

() #0)
(y /\m, Vye(a,b).

Then, according to Martin boundary theory, every f—excessive function A(-) can be

<=

represented as
(8.1) h(z) = / ky(x)vn(dy), x €L,
[a,b]

where v}, is a finite measure on [a,b], uniquely determined by h(-). Now, observe
that k,(-)/¢(-) is F—concave for every y € [a,b]. Therefore, Proposition 4.1 and its
counterparts in Section 5, can also be seen as consequences of the representation
(8.1). The functions #(-), ¢(-) are harmonic functions of the process X killed at an
exponentially distributed independent random time, and are associated with points
in the Martin boundary of the killed process. The Martin boundary has been studied
widely in the literature for arbitrary Markov processes, and seems the right tool to
use, if one tries to extend the results of this paper to optimal stopping of general

Markov processes. Such an extension is currently being investigated by the authors.
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