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1. Introduction. The purpose of this paper is to contribute to the mathematical theory of optimal
multiple stopping, as motivated by the analysis of financial options with multiple exercises of the American
type. It is surprising that despite a simple and intuitively natural formulation, this problem did not attract
in the probability literature the attention it deserves. Instruments with multiple American exercises are
ubiquitous in financial engineering. We find them in the design and analysis of executive stock option
programs (see, for example, Sircar and Xiong [31], Leung and Sircar [24] and the references therein),
in the indentures of many over-the-counter exotic fixed income markets instruments (see, for example,
Meinshausen and Hambly [28] for a Monte Carlo analysis of multiple chooser swaps), or in the energy
markets (see, for example, Jaillet et al. [17] for the numerical analysis of energy swing contracts and
Carmona and Touzi [11] for their mathematical analysis in the case of geometric Brownian motion).

In this paper, we investigate the multiple optimal stopping problem for general linear regular diffusion
processes. Even if geometric Brownian motion can be viewed as an appropriate model for some appli-
cations (e.g., executive stock option programs), it fails to capture important characteristic features of
interest rates and commodities time series, mean-reversion being the most obvious. The interested reader
is referred to Schwartz [29], Jaillet, Ronn, and Tompaidis [17], Barlow [3], Dixit and Pindyck [14] for the
examples. Even if mean-reversion is only documented for the historical statistics of the underlyers, all
the pricing (i.e., risk-neutral) models used by financial engineers account for this property. Therefore,
pricing multi-exercise American-type options under diffusion models beyond geometric Brownian motion
is important. Finally, we stress the fact that our analysis is not limited to the case of the hockey-stick
payoff functions of the call and put options, as it handles general payoff functions.

First, we show as in Carmona and Touzi [11] that, by introducing appropriate Snell envelopes, the
optimal multiple-stopping problem can be reduced to a sequence of ordinary optimal stopping problems
that can be solved iteratively. Our result here is, however, stronger than theirs in several directions.
Carmona and Touzi [11] show it when (i) the payoff process has a.s. continuous sample paths, (ii) its
supremum over the entire horizon has some finite high-order moment, and (iii) it is adapted to a left-
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continuous filtration all of whose martingales must also have continuous sample paths. They impose
those conditions in order to make sure that Snell envelopes have a.s. continuous sample paths and are
left-continuous in expectation. Their first and third conditions disallow jump processes, which we also
come across in the literature as proper models for the underlyers in pricing certain financial options in
energy markets. Moreover, their second condition excludes general payoff functions that are encountered
in the ever-expanding world of complex compounded financial and real options. Since Carmona and Touzi
[11] focus exclusively on pricing multiple-exercise put options (namely, options with bounded terminal
payoff functions), this compromise in their treatment of general optimal multiple-stopping problem is
suitable for their purpose and allows them to avoid technical difficulties, which they call “beyond the
scope of [their] paper”. In this paper, one of our purposes is to price multiple-exercise options with
general payoff processes, and we are able to prove the key result, namely the reduction of general optimal
multiple-stopping problems to a sequence of ordinary optimal stopping problems, for payoff processes (i)
with cadlag (right-continuous with left-limits) sample paths, (ii) without any conditions on the moments
of the supremum of the payoff process, and (iii) adapted to any filtration satisfying the usual conditions.

Carmona and Touzi [11] show this key reduction result primarily for the infinite-horizon problems,
which immediately extends to finite-horizon problems after the following simple observation: every finite-
horizon problem may be turned into an infinite horizon problem by simply setting the value of the payoff
process identically to zero after the maturity. Here we also limit the discussion to infinite-horizon optimal
multiple-stopping problems, but the same results extend to finite-horizon problems in the same trivial
way. Now that we prove here the key reduction result under more general conditions as described above,
their numerical algorithms for finite horizon problems, based on time discretization and successive runs of
backward-dynamic-programming iterations, is unleashed from the restraints put on the payoff processes
by those authors only to prove the same key reduction result, and this provides the theoretical justification
for applying the same numerical algorithms to finite-horizon problems with much more general payoff
processes.

The remainder of Carmona and Touzi’s [11] work is exclusively on pricing infinite-horizon multiple-
exercise put option for geometric Brownian motion, whereas we deal in this paper with infinite-horizon
multiple-exercise options with general payoff functions for general regular linear diffusions. The bound-
edness of the put option’s terminal payoff function allows them to use the basic reduction result; as
argued above, the limitations of their result limit the application of the same idea to more general (e.g.,
unbounded) payoff functions—even when the underlyer is a geometric Brownian motion. Since the put
option’s payoff function is also decreasing and vanishes for large values of the underlyer, the optimal
strategy is rather obvious (namely, exercise every right—whenever it is allowed—as soon as the under-
lyer is found below a suitable threshold). Therefore, the majority of their remaining work is to verify
the correctness of this guess. For more general payoff functions, it is often difficult to even guess an
optimal exercise strategy, as illustrated by some examples in Dayanik and Karatzas [13] and Dayanik
[12]. Verification of a good guess is also very demanding in general; very popular variational formulation,
also hinted at by Carmona and Touzi [11], typically writes down a series of free-boundary second-order
ordinary differential equations (one for each disconnected continuation region), tries to solve them simul-
taneously, and use various techniques to show that one of the solutions indeed coincides with the value
function of the optimal stopping problem. This procedure requires that one pays close attention to each
special feature of the underlying problem and that special skills and tools (such as viscosity solutions
of differential equations) be used, because the variational methods do not offer constructive algorithms.
Carmona and Touzi [11] manage to avoid this burden of variational formulation and verify the correctness
of their guess rather easily, thanks to very explicit formulas for the Laplace transforms of (geometric)
Brownian motion’s one-sided exit times. For general payoff functions and/or diffusion processes, those
advantages disappear, and one cannot unfortunately go far enough with variational methods, either.

Instead, in this paper we use constructive potential-theoretic solution methods developed by Dayanik
and Karatzas [13] and Dayanik [12] for optimal stopping of linear diffusions. We show how to construct
the value function of an optimal multiple-stopping problem with general payoff function and general
underlying linear diffusion. We describe when optimal multiple-stopping strategies exist and how to find
them. We illustrate the methods on several examples. We show that exercise boundaries of perpetual
call and put options are given by a sequence of points. We analyze several explicit diffusion models for
which we give algorithmic constructions of these exercise boundaries.



R. Carmona and S. Dayanik: Optimal Multiple-Stopping of Linear Diffusions 3
Mathematics of Operations Research 00(0), pp. xxx—xxx, (©2007 INFORMS

The reduction of optimal multiple-stopping problem to a sequence of ordinary optimal stopping prob-
lems reminds similar approaches implemented in the literature to reduce optimal singular /impulse control
and switching problems to a sequence of optimal stopping problems; see, for example, Karatzas and Shreve
[18, 19], Boetius and Kohlmann [5], Boetius [4], Yushkevich [32, 33|, Cairoli and Dalang [8, Chapter 10],
Mandelbaum and Vanderbei [26, 27], Mandelbaum, Shepp, and Vanderbei [25], Carmona and Ludkovski
[9, 10]. The common trait of our paper and these works is in the reinterpretation of dynamic program-
ming equation, which may be described in the following general terms. For a general stochastic control
problem with finite number of control actions, one can identify multiple-stopping problems after writing
down the dynamic-programming equation. The state space of the controlled process can often be divided
into disjoint subsets in which taking a specific control action is optimal. Then the original control prob-
lem may be seen as a sequence of optimal stopping problems, which determine switching times between
different control actions.

We close this introduction summarizing the content of the paper. First we give an overview of the
infinite-horizon optimal stopping problem for general continuous-parameter processes in Section 2. In
Section 3, we formulate the optimal multiple-stopping problem for general continuous-parameter processes
and show that it can be reduced to a sequence of ordinary optimal stopping problems. Then we specialize
to standard Markov processes in Section 4 and describe the solution in terms of excessive functions. We
revisit the same problem for one-dimensional time-homogeneous diffusions in Section 5 and illustrate the
methods on examples in Section 6.

2. Optimal stopping theory: a short review. As we introduce the notation used throughout
the paper, we summarize the main results of Karatzas and Shreve [21, Appendix D] on optimal stopping
for a continuous-parameter process. Let {Y(¢),F:; 0 < t < T} be a nonnegative process with right-
continuous paths and Y (7)) < limy;7 Y (¢) a.s., defined on a probability space (€2, F,P), and adapted
to a filtration F = {F;}o<¢<r that satisfies the usual conditions. We shall assume that F(0) contains
the sets of probability zero or one. The time horizon T € (0,+oc] is a constant. If T = +oo, then
Foo £ 0(Up<ictooFr) and Y (400) £ limy_ oo Y (t). Let S be the collection of F-stopping times with
values in [0,7], and S, = {7 € S; 7 > ¢} for every o € S. The classical optimal stopping problem is to
compute

21(0) £ sup E{Y (+)}
TES
and to find 7 € S at which the above supremum is attained, if such a stopping time exists. For each

stopping time v € § we introduce the random variable:
Z1(v) £ esssup,cs, E{Y ()| F,}.
Under the assumption that Z;(0) is finite, the following results hold:

PROPOSITION 2.1 The process {Z1(t); 0 < t < T} has a modification {Z7(t); 0 < t < T} that is a
supermartingale with cadlag paths. Moreover, Z7 (1) = Z1(7) a.s. for every T € S.

Let {X;(t); 0 <t < T}, i=1,2 be two arbitrary processes. One says that the process X; dominates
the process Xy if P{X;(t) > Xo(¢)for every0 < ¢t < T} = 1. This notion is needed to guarantee the
uniqueness of the process Z7 (-) identified in Proposition 2.1; see Proposition 2.2 below. It is called the
Snell envelope of {Y(t); 0 <t <T}.

PROPOSITION 2.2 The process Z7(-) dominates Y (-), and if X () is another cadlag supermartingale dom-
inating Y (+), then X(-) also dominates Z7 ().

LEMMA 2.1 Let 0 € S and (0%)r>1 C So be such that oy, | o almost surely. Then
/ Z{(o)dP = lim / Zi{(or)dP a.s., A€F,.
A k—oo J4

PROOF. Fix any A € F,. Since Zi(:) has right-continuous paths, Fatou’s lemma implies
J4 Zi(0)dP < lim [, Z{(o))dP. On the other hand, [, Z{(c)dP > lim [, Z(o})dP by optional sam-
pling, since Z"(-) is a nonnegative F-supermartingale. (]

PROPOSITION 2.3 A stopping time 7 is optimal if and only if (i) Z7(7*) = Y(7*) a.s. and (ii) the
stopped supermartingale {Z"(t A 7*); 0 <t < T} is a martingale.
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3. Multiple-stopping problem. In the remainder we introduce and study perpetual optimal
multiple-stopping problems; namely, we set T = +o00. Let § > 0 be a given constant and let us de-

fine S = {(71,...,7); 71 € So3Ti € Sry_145,5 = 2,...,n}, n > 1 for every stopping time o € S,
and
Z,(0)&  sup  E[Y(r)+--+Y(rm), n>L (1)
(T1y00sTn)ESE

The number Z,(0) is the maximum expected payoff of a multiple-stopping option if it gives to the holder
n > 1 rights to mark the underlying reward process, and if the holder is not allowed to mark more than
once within any time-window of size less than §. The constant § > 0 is sometimes called a “refracting
time”. For example in swing options, a refracting time is the minimum time a seller needs in order to
fulfill an unscheduled delivery of additional commodity and is usually determined by the technological
constraints on the production facilities or transmission networks; see, for example, Jaillet, Ronn, and
Tompaidis [17], Carmona and Touzi [11].

The optimal multiple-stopping problem is to find the maximum expected reward Z,,(0), and an optimal
exercise strategy (71,...,7,) € S§ that attains the supremum in (1), if one exists. We shall show that
Z,(0) can be calculated by solving n optimal stopping problems sequentially. Let us introduce

Zo(o) =0, and Z,(0) = ess SUD(r, ... 7, )eST IE{ ZY(TZ‘) .7-'0}, oceS. (2)
i=1

We will assume that Z;(0) is finite. Since, as it is easily seen, Z,,(0) < nZ;(0), every Z,(0), n > 1 will
also be finite.

LEMMA 3.1 For every o € S, the family T £ {E[>_, Y(1:)|Fo); (11,...,7) € SI'} is directed upwards,
and there ezists a sequence {(Tf,...,7%)k>1 C S such that Z,(0) = limy_eo T E[X> i, Y (7F)|Fs]
almost surely.

PrOOF.  For (7,...,7,) and (01,...,0,) in S, define the event A £ {E[> [ ,Y(r;)|F,] >
E[}" Y (0;)|F5]}, and the stopping times v; £ 7,14 4+ 0ilg\a, @ = 1,...,n. Then (v1,...,1,) € 87,

and
E[ZY(W)U}} — max <E{Zy(n)|fg},E[Zy(ai)m}) .

Hence, 7 is directed upwards, and the second part follows from the properties of an essential supremum;
see, e.g., Karatzas and Shreve [21, Appendix A]. O

LEMMA 3.2 Ifn >0, 7 €S, and 0 € S;, then E{Z,,(0)|F;} < Z,(T) almost surely.

Proor.  Let {(7F,...,7")}x>1 C S? be as in Lemma 3.1. Then we have E{Z,(0)|F,} =
limg oo E{ Y1, Y(7F)|F-} < Z,(7) almost surely by the monotone convergence theorem for condi-
tional expectations. O

PROPOSITION 3.1 For every o € S and n > 0, we have

Zny1(0) = esssup, ¢, ]E{Y(T) +E[Z, (7 + 0)|F;] .7-'0} a.s. (3)
PRoOF. Fix 71 € ;. By Lemma 3.1, there exists a sequence {(7§,..., 7%, )} x>1 in 8”4 such
that Z,(m1 + 0) = limg_oo 1 E{Z::; Y (7F)|F(m1 + 6)} almost surely. For every k > 1, we have
(T, 75, ... 7T7]f+1) € 8"t and by the monotone convergence theorem,
n+1

%

n+1
- E{Y(ﬁ) + lim E z:; Y ()| F(r + )}

Znt1(0) = lim ]E{Y(n) +) V()
=2

fg} - E{Y(ﬁ) ¥ Zn(m + 5)’?0}

- E{Y(n) FE[Zn(ry + )| F(1)] ‘J—'U}.
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Since 11 € S, is arbitrary, this implies that Z,,11 (o) is greater than or equal to the right-hand side of (3)

almost surely. On the other hand, for every (71,...,7,11) € S*™!, we have 71 € S, and (72,...,Tnt1) €
ST 5 and
n+1 n+1
E{Y(ﬁ) +3 Y(n) ]-'a} - E{Y(Tl) +E{Y Y(Ti)‘f.,-l_;,_(g}‘fo}
=2 i=2

<E{Y(n) + Za(r + 0)| 7, } = B{Y () + E{Za(r1 + 0)| 7.}

o},

which proves the opposite inequality. O

7y

< esssup, s, IE{Y(T) FE[Z (7 + 8)|F]

Let us now introduce the random variables
Zn(t) 2E[Zy(t+0)|F], t>0,n>0. (4)

Suppose that, for some k > 0, {Zx(t); t > 0} has an adapted cadldg modification Z,(+), and that
E{Z(T + 6)|F+} = Z(7) as. for every 7 € S. Then it follows from Proposition 3.1 that Z, (o) =

esssup, ¢, ]E{Y(T) + 7;(7)‘}}} a.s., or

Zipt1(0) = esssup, ¢, E{Yk+1(7)‘fg} a.s., o€S, (5)

where the payoff process is Yiy1(t) 2 Y (t) + Z,(t), t > 0. Since Yi41(-) is a nonnegative F-adapted
process with right-continuous sample paths, Proposition 2.1 implies that the Snell envelope Zj_ ,(-) of
the process {Yi11(t); t > 0} exists, and Zy11(0) = Z; (o) a.s. for every o € S.

Using the Snell envelope Zj , (-), we can show that Zj1(-) has an adapted cadlig modification ZZH ()

such that E{Zx41(7 + 0)|F;} = 72“(7) a.s. for every 7 € S. We then proceed in the same manner as
before. In the meantime, since Zy(-) = 0 is itself the Snell envelope of Yy(-) = 0, we can take k = 0
at the beginning of the previous paragraph and characterize Z,(-) for every n > 0 in terms of the Snell
envelopes of a sequence of reward processes.

LEMMA 3.3 The process {Z,(t), Fi; t > 0}, n >0 of (4) is a supermartingale.

PRrROOF. For 0 < s < t, E{Z,(t)|Fs} = B{Z,(t + 6)|Fs} = B{E{Z,(t + 6)|Foss}|Fs} < E{Zp(s +
§)|Fs} = Zn(s) by Lemma 3.2. O

PROPOSITION 3.2 For everyn > 0, Z,(-) of (4) has an adapted cadlag modification Z,,(-), and E{Z, (T +
N|Fy =2, (1) a.s. for every T € S. Furthermore,

Zny1(0) = esssup, s, E{YnH(T)’fU} a.s. Yo eS8, (6)
where Y 41(t) 2 Y (t) + Z,,(t), t > 0 is an F-adapted cadlag process.

REMARK 3.1 Proposition 2.1 implies that, for n > 0 the Snell envelope Z" () of the process {Y,,(t); t > 0}
exists, and

Zn(0) =2 (0) as. VYoes. (7)

Moreover, B{Z" (1 + 0)|F,} = Z,, (1) a.s. for every 7 € S.

PROOF OF PROPOSITION 3.2. Since Zy(-) = 0, we can take Z,(-) = 0. Moreover, Y;(t) = Y (t), t > 0
is F-adapted with right-continuous sample paths, and the claims hold for n = 0.

Let us assume that the proposition holds for n — 1 and prove it for n. By hypothesis, Z;_l exists.

Therefore, Y,,(t) 2 Y (t) + Z,,_,(t) is adapted to F and has right-continuous sample paths. By Remark
3.1, the Snell envelope Z7 (-) of Y,,(+) exists, and

E{Z,(t)} = B{Z,(t + 0)} = B{Z"(t + )}, t>0. 8)
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For every (tx)r>1 C R such that t; | ¢, let 0 =¢ and o3, = ¢+ and A = Q in Lemma 2.1. From (8), we
obtain limy,_, oo E{Z,,(tx)} = limg—oo B{Z" (tx, + 6)} = E{Z"(t + 0)} = E{Z,(t)}; namely, t — E{Z,(t)}
is right-continuous. Since {Z,,(¢); t > 0} is also a supermartingale by Lemma 3.3, Z,,(-) has an F-adapted
cadlag modification Z., (-); see Karatzas and Shreve [20, Theorem 3.13].

The process {Z:l(t); t > 0} is a supermartingale with cadlag paths. Thus, for every o € S and for
every sequence (oy)k>1 C S such that oy | o, one can check as in Lemma 2.1 that

/ZZ(U)dIPZ lim [ Z,(ox)dP as., AeF,. (9)
A

k—oo A
For every k > 1 and t € R, define 6;x(0) 2 0 and & (t) = ki/2F if k(i — 1)/2% < t < ki/2" for some

i > 1. For every stopping time 0 € S, 0}, = 6,(0) is a stopping time that takes countably many distinct
values, and o | ¢ almost surely. Thus

/A 7" (0)dP = /A E{Zp (0% + 8)|Fy, }dP

:/ Zn(ak+6)dIP:/ Z7(ox+8)dP as., AcF, (10)
A A

since P(?;(t) = E{Z,(t + 6)|F:}) = 1 for every ¢ > 0 and (7) holds. By taking the limits of both sides
in (10), we obtain

/ Z. (0)dP = / Z (o 4+ 0)dP = / Zn(c+0)dP as., AeF,, (11)
A A A

following from (9), Lemma 2.1, and (7). Finally, (11) implies Z,, (¢) = E{Z,(c + 6)|F,} almost surely.
The remainder follows from Proposition 3.1. |

4. Markovian case. Let X = (X (t),F:,P,) be a standard Markov process on a semicompact state
space (E,E). Let h : E + [0, 4+00) be a measurable Cop-continuous function; i.e., lim; g h(X (t)) = h(X(0))
a.s., and let 3 denote the risk free interest rate. The reward process Y (t) = e P*h(X(t)), t > 0 of the
previous section is nonnegative F-adapted and right-continuous, and the value functions V,, are defined
on the state space by

(Tl,...,Tn)ES(?

Vi(z) 2 sup E, {En: eﬂ”h(X(n))} , zE€E n>1. (12)
i=1

In this section, we characterize V,,(+) of (12) in terms of the S-excessive functions of the Markov process.
Recall that a measurable function f : E +— (—o00,+00] is said to be S-excessive for X, if for every x € F

fl@) > Efe ™ F(X($)}, t>0 and f(x) = 1}1{)1&{67&]”()((15))}- (13)
The following results are well-known; see, e.g., Shiryaev [30, pp.116-117] and Fakeev [15]:

E.1. A nonnegative (3-excessive function is Cy-continuous.

E.2. If f(.) is a finite B-excessive function, then e Pt f(X(t)), t > 0 is a cadlag F-adapted super-
martingale.

E3. If g: F — [0,+00) is measurable and Cyp-continuous, then the smallest S-excessive majorant of
g(+) exists.

E.4. If g(-) is the same as in E.3, then V(z) £ sup,csE.{e ?"g(X (7))}, z € E is the smallest
(-excessive majorant of g(-). For every ¢t > 0,

esssup,cg, Eo{e 7Tg(X(7)|F} = e PV(X(t), Pyas.
If V is finite, then {e PV (X (t))}+>0 is the Snell envelope of {e Pt g(X(t))}i>o0-

PROPOSITION 4.1 Suppose Vi is finite. Let Vo =0, and define for everyn > 1
gn(z) 2 Em{efﬁ‘SVn(X@))} and  hpy1(z) 2 h(x) + go(z), z € E. (14)
Then V,, is the smallest B-excessive majorant of h,, for everyn > 1, and fort >0

esSSUP(r, o yesy Bo { Ximy € PTR(X ()| Fi} = e PV (X(1), Pi-as. (15)
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PRrROOF. The proposition is true for V; by E.4. We shall assume that it is true for n, and prove it for
n + 1 by using Proposition 3.2.

Let Z, and Z,, be as in (2) and (4), respectively. By induction hypothesis and (15), we have Z,(t) =
e PV, (X (t)) a.s. for every t > 0. Therefore,

Zn(t) = Eo{ Zn(t + 0)|Fi} = Eu{e POV (X (¢ +0))|Fe} = e P ga(X (1)), aus.
for every t > 0. By Proposition 3.2, V,,11(x) = sup,cs, Eo{Yn+1(7)}, where
Yar1(t) = Y(t) + Za(t) = € P (h + ) (X(8) s, £ 0. (16)
If we can show that g, is Cp-continuous, then h + g, will be a nonnegative Cy-continuous function,

and its smallest B-excessive majorant will exist by E.3. Then E.4 will imply that V,,41 is the smallest
(-excessive majorant of h + g,, and

e*’BtVn_s_l(X(t)) = esssup, ¢g, Ex{e*ﬁT(h + gn) (X (7)) | Fe} by E.4
— esssup, e, B {Yos1 (1)) 71} by (16)
= Zn+1(t) by (6)
= esssup(,, ) espet B {Z?jf e*ﬂﬂh(X(n))‘ }'t} by (2)

P,-a.s. for every ¢t > 0, which proves (15) for n + 1.

We claim that g, is nonnegative and (-excessive. The Cy-continuity of g, will then follow from E.1.
It is nonnegative since h, and therefore V,,, is nonnegative. Because V,, < nVj and Vj is finite, V,, is
finite. By induction hypothesis, V;, is a finite B-excessive function. By E.2, e 7'V, (X(t)) is a cadlag
supermartingale. Therefore, ¢t — E,{e™?*V,,(X(t))} is right-continuous, and

i E, {9 (X (1)} = ImE,{e " V(X (1 46)) = g (@),

Finally, E,{e ?%g,(X(t))} = E.{e PtIV, (X (¢t + 0))} < E{e PV, (X(0))} = gn(z). Hence, g, is
(-excessive. O

5. The case of regular linear diffusions. In the sequel we suppose that the process X of Section
4 is a time-homogeneous regular linear diffusion with dynamics

dX(t) = p(X (t))dt + o(X (t))dB(t), t>0,

where B is a standard Brownian motion on R, and F = {F;};>¢ is the augmentation of the natural
filtration of X that satisfies the usual conditions. We shall assume that the state space of X is an interval
Z = (a,b) for some —oo < a < b < 400, and that the boundaries a and b are natural (other boundary
types can be handled similarly; see Dayanik and Karatzas [13] and Dayanik [12]). Let 7, be the first
hitting time of y € Z by X, and let ¢ € I be a fixed point of the state space. For every 5 > 0 we set

bx) 2 Ew{e*ﬂfc1{70<oo}}, z<c () & 1/Ec{e*ﬁfz1{m<oo}}, r<c (17)
VEAfe P10 coy}, z>cf’ E e P10}, a>cf’
and
Y(x)
= T. 1
@ =20 we (15)

Then F(+) is continuous and strictly increasing, F'(a+) = 0 and F(b—) = +oo for every 8 > 0; see, e.g.,
Ité6 and McKean [16], Karlin and Taylor [22]. In this section, we shall redefine

h(X(7)) =0 on{r = +oc}. (19)

If h() is the payoff function of an American-type option, then (19) implies that no payment is re-
ceived unless the option is exercised. Therefore, (19) is more natural in finance applications than setting
h(X (7)) = limy o R(X(t)) on {7 = oo}. However, the results of previous sections are still valid under
(19), and [-excessive functions are easily characterized in terms of the functions F' and .

PROPOSITION 5.1 A measurable function U : T +— [0, +00) is B-excessive for X if and only if (U/p)oF~1
is concave on [0,400), for every § > 0.
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Proor. If U is nonnegative, finite, and [-excessive, then E.2 and optional sampling imply that
U(z) > E.{e P"U(X (7))} for all 7 € S and z € Z. Therefore, the concavity of (U/¢) o F~! follows from
Dayanik and Karatzas [13, Proposition 5.9].

If (U/p) o F~1 is concave, then U is continuous, and U(z) > E,{e #"U(X(7))} for every 7 € S and
r € T by the same proposition cited above. Therefore, e U (X (t)) is a cadlag supermartingale, and
t — E,{e P'U(X(t))} is right-continuous, and (13) follows. O

ProrosiTION 5.2 All the V,,’s are finite if and only if

— h¥(x)
1 <+ d 621
wla o) 0 TR )

Moreover, if (i) (20) holds, and (ii) h, is as in Proposition 4.1, and (i) Wy, is the smallest nonnegative
concave majorant of H, = (hy, /@) o F~1 on [0, +00), then

Vo(x) = ()W, (F(x)), rel, n>1. (21)

< +o0. (20)

PROOF. The finiteness of V,, follows from Proposition 5.10 and V; < V,, < nVj, n > 1, and the rest
from Proposition 5.12 in Dayanik and Karatzas [13]. O

In the remainder of this section, we assume that (20) holds. By Propositions 5.1 and 5.2, V,,(-) and
gn(+) are finite and continuous, and if

I, 2{xel: Vy(z)=hu(z)} and o, =inf{t>0: X(t) € T,}, (22)
then T',, is closed, and o, is a stopping time for every n > 1. By Proposition 4.1,
Vi(z) = supEp{e PTh, (X (1))}, z€T. (23)
TES

If (23) has an optimal stopping time, then o, is also optimal for the same problem. In fact, Dayanik and
Karatzas [13, Proposition 5.13 and 5.14] showed the following:

PROPOSITION 5.3 Fiz any n > 1. The stopping time o, of (22) is optimal for (23), if and only if either
_ pt I
60 £ Tim M@ o g 64" £ Tim hal@) (24)
zla p(x) ofo ()
or (i) if ¢ > 0, then there is no r € T such that (a,7) C I\I'y,, and (i1) if El()n) > 0, then there is no
I € T such that (I,b) CZI\T',,.

PROPOSITION 5.4 Suppose that the stopping time o, of (22) is optimal for (23) for everyn=1,...,m.
Let 7'1(1) £ 51, and introduce for every n > 2, the stopping times

2o, and V2T 46t 0u 100 L i=2...m, (25)
7—1

i—

where 0 is the time-shift operator. Then the stopping strategy (Tl(n), . ,Tr(Ln)) € 8™ is optimal for the
multiple-stopping problem (12) for everyn=1,...,m.

PrOOF. We will prove the proposition by induction on n. For n = 1, Vi(z) = E.{e #1hy(X,,)} =
Ew{e_ﬁﬁ(l)h(X ™)} and 7'1(1) € St is indeed optimal.

1
Let us assume that (7'1(”), . ,Ty(Ln)) is optimal for (12) for some 1 < n < m — 1 and prove the same for
n+ 1. Since 7'1("+1) = 0p+1 is optimal for (23) for n + 1,

(n+1)

Vo1 (z) = Em{eiﬂﬁ hn+1(Xrl<"+1>)} = Em{eiﬁ‘r

(n+1)
1

(h+92)(X 0}
-F fﬂﬁ("“)h X E *ﬁ(‘rl("ﬂuﬁ)v X
=E.{e (X o)} 4 Eo{e (X i)}

_a(n+1) _ (n+1) _p(n)
=E,{e "N WX mi0)} + Eo{e Aln +5)Exf;n+l>+527:16 A h(X )}

(n+1)

(n+1) n o _
=E,{e " h(XTl(n+1>)}+]Ez{Zizle P05 (X ) by
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(n+1) A (n+1)+(5+7'( n)

where p; o 07<n+1>+6, i =1,...,n. The proof of the induction step will follow once
1

we show that

)

N T (26)
Note that p(nH) = (n'H) +0+0n00 i 5= 72("+1) and (26) holds for i = 1. Suppose (26) is true
for 1 <i<mn—1, and prove the same for i + 1. We have

+1 +1)
pgil ) 3 (n _|_ 6 + T o eTl(n+l)+5

_ 71(n+1) iy (Tin +0+0,_;0 QTVETL)_’_&) o 07_1(n+1)+6 (27)

7D

(nt1) 2 T1(n+1) +0+ 7—1,(”) o 9T1(7L+1)+5 = 7,4, ~ by the induction

by the definition (25) of Ti(ﬂ. Since p;
hypothesis, it follows

(7, " 4 5) 06 ) 5 =T M5 g ot 5 0= lﬁfl) — 7'1("+1),
and, since (Y 00,) 00, =Y 00,4 ,00. for every random variable Y and stopping times ¢ and 7, we have

(O'nfi o OT;MH) o 07—1("+1)+6 =0p—4 © 97_1(1:?1)_"_6.

By plugging the last two equalities back into (27), we obtain

n+1 n+1) n+1 n+1
pEJrT )= 7'1( Vot ( fJ ) Tl( a On—i© QT}E”H)
= Ti(ji-lrl +d+ 0,500 (n+1)+5 = Tz(—t;rl)
which completes the proof of both induction hypotheses. O
COROLLARY 5.1 If both £, and &, of (20) are zero, then (24) holds, and (1; (") T(Ln)) is optimal for

the multiple-stopping problem (12) for every n > 1.

IA

PRrROOF. If we establish (24), the rest follows from Propositions 5.3 and 5.4. Since h < h,, = h+gp_1
h+Vn,_1 < (n+1)V;, and the mapping x — zT is increasing h™ < bt < (n+ 1)V].
Dayanik and Karatzas [13, Proposition 5.10] prove that lim,|,(V1/¢)(z) = ¢, and hmbe(Vl/q/;)( )

ly,. From the previous inequalities, it follows £, < E((ln) = HM < (n+1)¢, and ¢, < E = hmﬂb <
(n+ 1)€p. Since £, = ¢, = 0, (24) follows. O

6. Examples. This final section is devoted to a detailed analysis of a set of natural examples for
which explicit computations can be performed.

6.1 Brownian motion. Let X be one-dimensional standard Brownian motion on Z = R, the reward
function be h(z) £ x* for € Z, and fix 3 > 0.

The functions () and ¢(-) of (17) are the unique (up to a scalar multiple) increasing and decreasing
solutions of (1/2)u” = Bu, respectively. We take ¢(z) = V2P and p(z) = e=*V?P, z € R so that

P2t e er
p(x)
The boundaries +o0o are natural, and F'(—oo) = 0 and F'(4+00) = 4o00. Clearly, {_, and ¢ of (20) are
zero. Therefore, all the V,,’s of (12) are finite by Proposition 5.2, and the multiple stopping strategies
(71("), . T,(Ln)) of (25) are optimal by Corollary 5.1. Hence, the optimal multiple-stopping problem (12)
reduces to the optimal stopping problem (23).

6.1.1 (n =1). By Proposition 5.2, we have Vi (x) = oW1 (F(z)), x € R, where W(-) is the smallest
nonnegative concave majorant of

(Iny)*/y

Hy(y) £ (ha/)(F~(y)) = 235

€ [0, +00),
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1 29 21 =€
(a) (b) (c)

Figure 1: (Brownian motion). The sketches of (a) the reward function h, (b) the function H; and its
smallest nonnegative concave majorant Wy, (¢) Hy = H; + G; and its smallest nonnegative concave
majorant Ws.

which vanishes on [0, 1) and is nonnegative strictly concave and increasing on [1, +00); see Figure 1(b).
Since limy_, 4o H{(y) = 0, there is a unique number z; > 1 such that

Hl(Zl)/Zl :H{(Zl) (28)

In fact z; = e?, and Wi (+) coincides with Ly(y) = yH{(21) on [0,21] and with H;(-) on [21,4+00). Now,
let 71 = F~1(21) = 1//23. Then

ezm_l/\/2ﬁv xgxh

Vi(z) = ()W (F(z)) = {
T, xr > x1.
Since I'y = {z € R: Vi(z) = hy(x)} = F'({y > 0: Wi(y) = Hi(y)}) = [z1,+00), the optimal stopping
time of (22) is o7 = inf{t > 0: X (¢) > z1}.
6.1.2 (n = 2). We start by first finding the smallest nonnegative concave majorant Wy of Hy =
(ha/@) o F~1, where hy = h + g1 and g1(z) = E,{e V(X (6))}, = € R.

If Gi(y) = (91/¢)(F~(y)) for every y > 0, then Hy = H; + Gy. Since g; is nonnegative, finite, and
(-excessive, the function G is concave by Proposition 5.1. Because (G; is also nonnegative, its concavity
implies that the right-derivative of G1(y) is nonnegative everywhere (otherwise, G; < 0 on [yo, +00)
for some yo > 0); therefore, G; is also nondecreasing. Finally, 0 < G; < W; and lim, o Wi(y) =
mylo H1 (y) =0. Thus, hmylo Gl (y) =0.

As shown in Figure 1(c), Hs is concave both on [0,1] and [1,+00). Since G; and H; are concave
on [1,400) and G; < Hy, we must have 0 < lim,_, G7(y) < limy_, H{(y) (otherwise, G; > H; on
[y1, +00) for some y; > 0). Since the latter is zero, lim, .., G} (y) = 0. Hence, lim,_.. H(y) = 0, and
there is unique z2 > 1 such that

HQ(ZQ)/ZQ = Hé(ZQ) (29)

It is then clear, as also seen from Figure 1(c), that the smallest nonnegative concave majorant Wy of Ho
is the same as the straight line Ly(y) = yHj(22) on [0, 22], and the same as Ha on [z3, +00). If we define
X2 & F_l(ZQ), then

ha(za)e™ (P27 0V g < gy,

hg(l‘), x> To. (30)

Va(z) = p(a)Wa(F(z)) = {

It is also easy to see that I's = [x2,+00) and o9 = inf{t > 0: X(t) > z2}.

Next we prove that zo < x1. Note that

d (Hn(y)> _1 (H;(y) - H"y(y)) S y>1n=12 (31)

dy \ y
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Since H,, are concave on [1, +00), the right-hand side of (31) is positive (negative) for 1 < y < z, (y > z,)
and equals zero at y = z,, thanks to (28) and (29). Hence, z, is the global maximum on [1,+00) of
y — Hp(y)/y, which is increasing (decreasing) on [1, z,] ([zn, +00)) for n = 1,2. We have

H. H
2(21) _ 1(21) n Gi(z1) — Hl(21) + Gi(z1)
21 21 21 21

> Hi(z1) + G (z1) = Hy(21),

where the inequality follows from the concavity of G; and G(0+) = 0. Hence, Hs is decreasing at y = 21,
and therefore, zo < 21. Since F is increasing, it follows that 2o = F~1(20) < F~1(21) = ;.

6.1.3 (General n). Similarly, H,, = (h,/¢)o F~! can be shown to be concave on [0, 1] and [1, +00);
and lim,_, » H, (y) = 0. There exists unique z, > 1 such that

The smallest nonnegative concave majorant W,, of H,, on [0, +00) coincides with the straight-line L, (y) =
yH! (z,) on [0, 2,], and with H,, on [z, +00). If 2, = F~(2,), then

6—(%—1)\/%}%(36”)7 z < ap,

hin (), T > Ty, (32)

Va(z) = o(2)Wn(F(z)) = {

and o, = inf{t > 0: X(t) > z,} in (25).

The mapping y — H,(y)/y is increasing on [1, z,], and decreasing on [z,,+00); and z, > 1 is its
maximizer. We can show as above that 1 < z, < z; = €. These facts can be used to compute z,
numerically.

6.2 Geometric Brownian motion. Suppose that X is a geometric Brownian motion in 7 =
(0, +00) with dynamics dX (¢t) = X (¢)[8dt + odB(t)], ¢ > 0, where § and o are positive constants.
Let the reward function in (12) be h(z) = (K —x)™, z > 0 for some constant K > 0.

The functions in (17) are unique (up to positive multipliers) increasing and decreasing solutions of the
ordinary differential equation (02/2)z?u” (x) + Bxu’(z) = Bu(z) for x > 0, where the right-hand side is
the infinitesimal generator of X applied to a smooth function u. We let ¢ (z) = = and p(z) = ¢, where
c = 23/0?; thus

F(x)éM:ch, x> 0.
(@)
Note that F(0+) = 0, F'(+00) = +00; namely, both 0 and +oo are natural boundaries for X. One can
also check that both £y and ¢, of (20) are zero. Hence, all V,’s are finite, and (Tl(n)7 e ,T»,(Ln)) of (25) is

an optimal multiple-stopping strategy for every n > 1, thanks to Proposition 5.2 and Corollary 5.1.

6.2.1 (n=1). By Proposition 5.2, we have V;(z) = p(z)W1(F(z)) for every x > 0, where W7 is the
smallest nonnegative concave majorant of

B (y) £ (/) () = (Ky 059 —y) T,y >0

It can be shown that H;(0) £ H;(0+) = 0. The mapping H; is strictly concave on [0, K'*¢], vanishes
on [K'7¢ 400), and has global maximum at z; £ [cK/(1 + ¢)]'*¢ € (0, K'7¢). Therefore, its smallest
nonnegative concave majorant Wi coincides with H; on [0, z1] and is equal to the constant H;(z1) on
[21, +00); see Figure 2(b). If we define z; £ F~!(z;) = cK/(1 + ¢), then

{ K — Z, 0<z S ar

Vl(x) = (p(iC)Wl(F(x)) = (1'1/1')2T/U2(K — xl)’ T >x.

Since T'; = F~1((0, z1]) = (0,21], we have o1 = inf{t > 0: X(¢) < 21}

6.2.2 (n=2). By Proposition 5.4, we have Va(x) = p(x)Wa(F(x)), where W5 is the smallest nonneg-
ative concave majorant of Hy = H;+G1, and G1 £ (g1/¢)oF~'. Since g; is nonnegative and -excessive,
the function G is nonnegative and concave by Proposition 5.1; therefore, it is also nondecreasing. Because
G1 < Wy, we also have G1(400) < Wi(z1) and G1(0+) = 0; see Figure 2(c).
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A A | W
Hy(z2) . 2
K 14} !
h(z) =
0 K 0 z1 K1te 0 21 29 Klte
(@) (b) (c)

Figure 2: (Geometric Brownian motion). The sketches of (a) the reward function h, (b) the function
H; and its smallest nonnegative concave majorant Wy, (¢) Ho = H; + G and its smallest nonnegative
concave majorant Ws.

Now observe that Hj is the sum of two concave functions on [0, K17¢] and [K17¢, +00); therefore, it is
itself concave on both intervals. We have Hz(0+) = 0. The function Hs coincides with G on [K17¢, +00)
and has unique global maximum at some zy € (0, K**¢). Therefore, W5 is the same as Hy on [0, 25] and
is equal to the constant Ho(z) on [z2, +00). If 29 & F~1(2y), then 09 = inf{t > 0: X (t) < 23} and

hg(l‘), 0<ax<zo,

Va(z) = p(2)Wa(F(z)) = { o2
(1]2/$)2ﬁ/ ho(z2), = > .
Next let us show that 7 < x9 < K. Since z, is unique global maximizer of H, for n =1 and n = 2,
we have

0 < Hy(z2) — Ha(z1) = —(Hi(21) — Hi(22)) + (G1(22) — G1(21)),

which implies G1(z2) — G1(21) > Hi(z1) — H1(22) > 0. Since G is nondecreasing, we must have
21 < 29 < K¢, Because F is increasing, the inequalities 2; < 2o < K follow.

One can check that the same results hold for general n. Namely, H, is concave on [0, K1*¢] and
[K1*¢ 4+00). It coincides on [K17¢ +00) with the bounded, nonnegative, nondecreasing, and concave
function G,,_1 = (gn_1/¢) o F~1, and we have H, (0+) = 0. Therefore, H,, has a global maximum z,,
which is located in (0, K'*¢); in fact, 21 < 2, < K'T¢. The smallest nonnegative concave majorant
W,, of H, coincides with H,, on [0, z,] and is equal to the constant H,(z,) on [z,, +00). If we define
r, = F~1(z,), then o, = inf{t > 0: X(¢) < z,,} is the nth stopping time in (25), and

hn(z), 0< <y,

6.3 Ornstein-Uhlenbeck process. Let X be the diffusion process in R with dynamics dX; =
k(m — X;)dt + odBy, t > 0, where k > 0, 0 > 0, and m € R are constants. Let the reward function in
(12) be h(z) = (e — L)*, z € R.

We shall denote by (-) and ¢(-) the functions in (17) for X, and by 1(-) and &(-) those for the process
Zy & (X; —m)/o, t > 0, which satisfies dZ; = —kZ; + dBy, t > 0. For every = € R,

J(x) = ekIZ/ZD_B/k(—x\/ﬁ) and @(x) = ekIZ/QD_B/k(x\/ﬁ), (33)

and ¥ (z) = ¥((x — m)/o) and @(z) = F((z — m) /o), where D, () is the parabolic cylinder function; see
Borodin and Salminen [6, Appendices 1.24 and 2.9]. The boundaries +oo are natural for X. By using
the relation

D, (z) =272 /"1, (2/v2), z€R (34)
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0 InL
(a)

0 F(nL)F(®)

Figure 3: (Ornstein-Uhlenbeck process). The sketches of (a) the reward function h, (b) the function
H; and its smallest nonnegative concave majorant W1, (c¢) Hy = Hy + G and its smallest nonnegative
concave majorant Ws. In the figure, £ is shown to be larger than In L.

in terms of Hermite function H, (-) of degree v and its integral representation

1
I(=v)

Hy(2) = / e 2 =lg Rew < 0 (35)
0

(see, for example, Lebedev [23, pp. 284, 290]), one can check that both limits in (20) are zero. By

Proposition 5.2 and Corollary 5.1, the value function V,,(-) in (12) is finite, and the strategy (71,...,7n)

of (25) is optimal for every n > 1.

6.3.1 (n=1). This case, namely, pricing perpetual American call option on an asset with price
process e~t, t > 0, has been recently studied by Cadenillas, Elliott, and Léger [7] by using variational
inequalities. Let F(x) £ ¢(z)/¢(x) for every € R. Since the reward function h(-) is increasing, the
function Hi(y) = (h/@)(F~1(y)), y € (0,400) is also increasing. Dayanik and Karatzas [13, Section 6]
show that H”(y) and [(A — B)h](F~!(y)) have the same sign at every y where h is twice-differentiable.
Here, (A — B)h(z) = e®[(0?/2) + km — 3 — kx| + BL for z > InL. Hence, there exists some £ > 0
such that H(-) is convex on [0, F(¢§ V In L)] and concave on [F(§ VIn L), +00); see Figure 3(b). It can
also be checked that H'(+00) = 0 by using (34), (35) and the identity H, (2) = 2vH,_1(z2), z € R; see
Lebedev [23, p. 289], Borodin and Salminen [6, Appendix 2.9]. Therefore, there exists unique z; > F'(L)
such that H’(z;) £ H(z1)/z. The smallest nonnegative concave majorant Wi (-) of Hy(-) on [0, 00)
coincides with the straight line L (y) = (y/21)H1(z1), y > 0 on [0, 1], and with H;(-) on [z, +00). If
r1 2 F~1(z), then the relation Vi (z) = o(z)W;(F(z)), v € R gives

g

Vi(z) = D_p (—wl—m\/ﬁ)

e y—(mzmy] Dok (25 )

, T < T, (36)

(o)

e’ — L, T > T

The stopping time o7 = inf{t > 0: X; > 21} is the first exit time from (0, z1].

6.3.2 (n > 2). The analysis is similar to that in previous examples; compare, for example, Figures
4 and 3. The nth value function V,, in (12) is the same as the function in (36) except that z; is replaced
with z,, £ F~!(z,) for every n > 1, and o, = inf{t > 0 : X; > x,} in (25), where z, is the unique
solution of H/ (y) = Hn(y)/y, y > 0. The critical value z, is the unique maximum of y — H,(y)/y and
is contained in (F/(In L), z1). It can be calculated numerically.

6.4 Another mean reverting diffusion. Let X be a diffusion process in (0, 400) with dynamics
dXt = /,LXt(OZ — Xt)dt + O'XtdBt, t Z O7 (37)

and h(z) = (x — K)* for every x > 0 in (12), where p, a, o and K are positive constants. The process
has been studied widely in irreversible investment and harvesting problems; see, for example, Dixit and
Pindyck [14], Alvarez and Shepp [2].
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The functions () and ¢(-) in (17) are the increasing and decreasing fundamental solutions of
(1/2)0?%z2u" (x) + pa(a — x)u/(z) — Bu(x) = 0, respectively. Denote by

M(a,b,x) = Zia)):o:" (a)y 2ala+1)---(a+k—1), (a)g =1, (38)
k=0
a T M(a,b, ) oM +a—-0b,2—b,x)
Ula,bz) = simb{r(1+a—b)r(b) —a T(a)T(2 - b) } (39)

the confluent hypergeometric functions of the first and second kind, respectively, which are two linearly
independent solutions for the Kummer equation zw”(z) + (b — 2)w’(z) — ax = 0 for arbitrary positive
constants a and b; see, for example, Abramowitz and Stegun [1, Chapter 13]. Then

P(r) = (cx)‘9+M(0+,a+,cx), and () £ (cx)9+U(9+,a+,cx), x>0,
and

(@) M(O*,a*,ca)
F@ =20 = Ter,atery ©7 0

where ¢ £ 2u0?, a* = 20% + (2ua/o?), and

1 pa 1 pa 203 _
+2 (2 _ £ - i +
o _(2 02)i\/(2 02>+02’ o7 <0<6

are the roots of the equation (1/2)c20(0 — 1) + pad — 3 = 0; see Dayanik and Karatzas [13]. Since
P(+o0) = ¢p(—o0) = 400, the boundaries 0 and +oco are natural. Both limits in (20) are zero. By
Proposition 5.2, all the V,,’s are finite, and (Tl("), . ,T,S’”) of (25) is optimal for every n > 1 because of

Corollary 5.1.

6.4.1 (n=1). Dayanik and Karatzas [13, Section 6.10] show that the function H; = (h/¢)o F~!is
increasing, convex on [0, F(K V £)], and concave on [F(K V &), 400) for some & > 0, and H'(400) = 0;
see Figure 4. Therefore, H(y)/y = H'(y) has unique solution—call it 2z, and the smallest nonnegative
concave majorant Wy of Hy coincides with the straight-line Ly (y) = (y/z1)H(z1) on [0, z1], and with H;
on [z1,+00). If we set z1 & F~1(2;) > K, then

(r1 — K), 0<z<u,

2\ M(0F,a™, cx)
) (40)

Vi(z) = o(x)W1(F(x)) = (xl M0+, at,cxy)
rz— K, T > .

0 L
(a)

Figure 4: (Mean-reverting process). The sketches of (a) the reward function h, (b) the function H; and
its smallest nonnegative concave majorant W1, (¢) Ho = Hy + G and its smallest nonnegative concave
majorant Ws. In the figure, £ is shown to be larger than K.
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6.4.2 (n > 2). The fundamental properties of the functions W; and H;j are essentially the same as
those in the first example; compare the graphs in Figures 4 and 1. Therefore, the analysis is the same as
that in Section 6.1.2 and 6.1.3 after obvious changes, such as, instead of (30) and (32), we have

x o M(0F,a™, cx)
T M(0+,at, cxy,)

hn(x)7 T > In

ho(xy), 0<x <z, (41)

for n > 2. Finally, the nth stopping time o,, = inf{t > 0: X; > z,} in (25) is the first hitting time of
X to [y, +00). Moreover, x, = F~1(z,); the number z, is the unique maximum of y — H, (y)/y and is
contained in (K, z1). Therefore, 2z, and x,, can be calculated numerically.
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