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ABSTRACT. We study several infinite-horizon optimal multiple-stopping problems for (geo-
metric) Brownian motion. In finance, they naturally span between the American and
Russian option formulations in terms of price and reduced regret. In statistics, they are
continuous-time examples of best-choice problems with multiple rights. We find explicit for-
mulas for the value functions and describe completely optimal exercise strategies whenever
one exists. We also conjecture a new characterization of the value function for the open

problem of the Russian option for arithmetic Brownian motion with drift.

1. INTRODUCTION

Let X be a (geometric) Brownian motion whose initial state is z, and r > 0 be a constant
discount rate. We study the optimal multiple-stopping problem

1) swp 5, (e (e X )]

T1,T2,-,Tn 1<i<n

where the supremum is taken over n > 1 stopping times 71, ..., 7, of the process X.
The value of can be thought as the value of a perpetual financial option, which gives
its holder n rights to mark the price X of a stock and pays her the (discounted) maximum of

those n recorded marks at the final exercise time. This closely resembles the Russian option

(2) sup E, {e " (On<1ta<>§ Xt):| :
where the supremum is taken over stopping times 7 of the process X. The Russian option
problem was introduced and solved by Shepp and Shiryaev [0, [10] for a geometric Brownian
motion X with drift p and volatility o; see also Duffie and Harrison [4] for the related
arbitrage pricing problem.

L. Shepp and A. Shiryaev argued that, compared to a standard perpetual American option,
the Russian option can reduce its holder’s regret for not having stopped earlier. Indeed,

unlike an American option which pays the holder the stock price at the exercise time, the
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Russian option pays the historical maximum of the stock price at the exercise time since the
contract has been entered.

However, they also showed that in a Black-Scholes model this option’s value equals infinity
if the drift ¢ and discount rate r are the same. In other words, if the stock follows a geometric
Brownian motion and pays no dividend, then the price to be paid for the Russian option’s
“little or no regret” feature is unaffordable.

This raises the following interesting questions: is there an option that provides the holder
a range of comfort /regret levels at affordable prices? Is there a family of options with various
levels of regret that can be obtained by a potential holder for cheaper prices?

A multiple-stopping option as in can provide an affirmative answer to both questions.
Its value is always finite, and it is always cheaper than the Russian option. It reduces to a
standard American option for n = 1, and its value increases to that of the Russian option as
the number of exercise rights n increases to infinity. Hence, the family of multiple-stopping
options spans the range between American and Russian options in terms of price and reduced
regret.

Some of the above facts are immediate, and we establish others after solving the problem
in . We give explicit formula for its value function and describe an explicit optimal
multiple-stopping strategy whenever one exists.

We also solve the problem in (1) when 7 = 0 and X is a linear Brownian motion on the unit
interval [0, 1] with absorbing boundary points. This is an example of best-choice problems
with several rights to choose; see, e.g., Freeman [7] and Samuels [§]. In that context, the
decision maker faces a trade-off between sparing some of her rights for future use, versus the
possibility that X is absorbed at the left boundary, after which the remaining rights are not
useful any more. We give explicitly both the value function and an optimal multiple-stopping
rule describing the best way of marking new records of X. We also solve the case where
the terminal payoff is not “maxj<;<, X,,” but “maxj<;<,(K — X,,)*” for some constant
K € [0, 1], mimicking a Russian (perpetual lookback) put.

The remainder of this paper is organized as follows. Section [2| provides a rigorous formu-
lation of our problem and contains the summary of the main results. Section [3| outlines the
general method of solution. The proofs are given in Sections {4f and Finally, Section [0]
is devoted to discussion about the structure of the Russian option that can be gleaned
from , including the open problem about the value of the Russian option for an arithmetic

Brownian motion.
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2. PROBLEM FORMULATION AND MAIN RESULTS

Let X be a linear regular diffusion with state space Z C R. Let S = S and

s & {(71,...,m) : each 7; is a stopping time of X and 3 < ... <7,}, n>1

be the collection of all multiple-stopping rules for every fixed number of exercise rights n.
Importantly, we allow strategies with multiple simultaneous exercises, 7, = 741. Define the
discounted optimal multiple-stopping problems

3) VO(zm)2  sup R, {e”" (m V max h(XT))} : z,mel, n>1

(Tl’“-yTn)eS(n) 1<i<n

where x € 7 is the initial value of the process X, m € 7 is an initial lower cap on the terminal
payoff, and h(-) is the payoff function. Note that the supremum in (1)) equals V™ (z, 0) with
h(z) = .

A multiple-stopping rule (7,71,...,7,-1) € S™ is optimal for V™ if and only if (i) the
rule (71,...,7,_1) is optimal for V=Y and (ii) the optimal stopping rule 7 maximizes the
expected discounted future payoff V"~ (X;,mV h(X;)) obtained by following the optimal
rule (71,...,7,-1). This application of the dynamic programming principle can be made
rigorous as in Carmona and Dayanik [I], Carmona and Touzi [2], and gives the relation

@) VW(m)=sup B, [ VOU(XmVA(X)] . ameT n> 1

TES
We set V() (z,m) = m for every ,m € Z. Thus, the optimal multiple-stopping problem

can be addressed by sequentially solving a family of optimal stopping problems.

2.1. Brownian motion. Let » = 0 in , and X; = B; be a Brownian motion on the
interval Z = [0, 1] with absorbing endpoints.

Proposition 1. Let h(x) =« for x € [0,1]. Then, for every m € [0,1] and n > 1, we have
the following:

(i) The value function V™ (x,m) of is given by

() Vi (,m) = {

m+n(l—m™z  z<mlbn
., xel0,1]

nr — (n— 1):17”/("_1) x> mhim
(ii) The first exit time
(6) ) 2t {12 0: X, ¢ (0,m" V")) €8

of the process X from the interval (O,m(”_l)/”) 1s optimal for the problem in .
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FIGURE 1. (a) Convergence of V" (z,0) of (1) to E,[sup,>, By] for the linear
Brownian motion on Z = [0, 1] with absorbing boundaries at endpoints. (b)
[lustrations of optimal multiple-stopping rule (7q,...,75) of Corollary [1| for
two sample paths starting at By = x when five exercise rights exist.

Corollary 1. If h(z) = z for every = € [0,1], then an optimal multiple-stopping strategy
(T1,...,70) € S™ for the problem is

(7) m=0, and Tp1 = Tr(,f_k) 00,

= inf {t > 0: X, ¢ (0,2("*=D/(=D)}

m:XTk

for every k =1,...,n — 1, where 6, : Q — € is the shift operator; i.e., Xs060;, = Xy s for
every s,t > 0.

Corollary |l|states that an optimal policy for the original problem ((3)) is as follows. Starting
at any fixed Xy = z, we always make our first stop immediately. As long as the process
X is not absorbed at 0, we exercise the remaining n — 1 rights at each time that it reaches
the increasing levels z(»=#/(=1) L = 2 . n. Observe that the final nth right is always
exercised when the process reaches the right boundary point z(»~™/(=1) = 1 if it has not
been already absorbed at 0. For example, starting at x = 1/4 with five exercise rights, it is
optimal to stop at the first passage times of 1/4 = 0.25, (1/4)%/* = 0.3536, (1/4)%/* = 0.5,
(1/4)"/% = 0.707 and (1/4)°/* = 1, as long as the process is not absorbed at 0. In the latter
case, the remaining rights are exercised immediately.

By (B) we have V™ (z,0) = nx — (n — D)2™/ ) = 2 + (n — 1)[1 — 2/ Y]z for every
x € [0,1] and n > 1. Therefore, lim,_., V™ (2,0) = z — xlogz. The next computation
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shows that this is E,[sup,.q B¢]. Indeed, if we define 7, = inf{s > 0; B, > a} for every
a € (0,1], then the events {sup,>( B; > a} and {7, < 79} are the same, and

[e%¢] x 1
(8) E,[sup By = / P, (sup B; > a)da = / P.(1, < 10)da +/ P.(1, < 10)da
0 0 x

t>0 t>0

Lo
:x—i-/ —da =z — zlogx.
. @

The left panel of Figure |I|shows graphically the convergence of the sequence {V ™ (x,0)},>
to the function z +— E,[sup;s B:] = (1 —logz) on x € [0, 1].

Proposition 2. Let 0 < K < 1, and h(z) = (K — 2)* = max(K — z,0) for x € [0,1]. For
every m € [0, K] and n > 1, we have the following:

(i) The value function in is given by
K—-1+n(1l—2)—(n-1)1-2)YCD <z
m+n(l—=z)[1—(1+m—K)Y"], x>z’

(9) Vi (z,m) = {

for every x € [0, 1], where =1 (14+m — K)r=/n,
ii e sequence (T )p>1 18 decreasing and xy,’ < K —m.
i) Th st ds d ing and 7\ < K
iii e first exit time T, = inf{t > 0: X; ¢ (zm’, of the process X from the interva
iii) The first exit time 70" 2 inf{t > 0: X ™ DY of th X from the interval
(:USZ), 1) is an optimal stopping time of (4).

For every m € (K, 1] and n > 1, we have V™ (2, m) = m trivially.

Corollary 2. If h(x) = (K — z)" for every x € [0,1], then an optimal multiple-stopping
strategy (T1,...,7,) € S™ for the problem 18

n=inf{t>0: X, ¢ (1-(1-K)"V" 1)}, and

(10) Th =T Mo 0r, = inf {t >0: X ¢ (1 = (1= Ky, 1)} ’

m:K_XTk

for everyk=1,...,n—1.

2.2. Geometric Brownian motion. Suppose that r > 0 and h(z) =z, z € R, in . Let

2
(11) Xt:xexp{<,u—%)t+03t}, t>0, €T =][000)

be a geometric Brownian motion with drift ;1 and volatility o. Let us denote by —k; < 0 <
1 < ky the roots of the quadratic equation f(k) = (02/2)k? + [ — (02/2)]k — r = 0; namely,

w1 w1 > or
_kl,k2:_<ﬁ_§>3|: (;—5) —f-;, and kékﬁl—l-kg.
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Proposition 3. Suppose that = r. Define the increasing sequence

K
(12) a; =1, an+1:an+k—1ka;k1, n=12...,

Then, for every n > 1 and m € Ry, we have the following:

(i) The value function V™ (x,m) in (@ is given by

m, O§x<x£s)é%-ﬁ
(13) V) (z,m) = " tn , x€eR,.
anT + k—lkaflklmkx_kl, x> xﬁ,’f)

(i) The sequence (ngf))nzl is decreasing, and ™ < m.

(iii) For the problem in , immediate stopping is optimal if m = 0, and no optimal
stopping time exists if m > 0, but for every e > 0, the first exit time
TMW(e) 2 inf{t >0:X; ¢ (™ 2 ()}

m

of the process X from the open interval (9(;7(7?), 2 (€)) is e-optimal, where

kN Lk
2™ () = max {m, Lzt (%) } :
an

Corollary 3. Suppose that i = r. The value of the multiple-stopping option in withn > 1
exercise rights equals V(”)(x, 0) = anx at every initial stock price x € Ry. There is no optimal
multiple-stopping strategqy. However, for every e > 0, the strategy (11(c), ..., Ta(g)) € S™ is
e-optimal, if

n(e) =0, and Ta(e) =7"F(e)o eTk(E)lszk(gy k=1,...,n—1
is the first exit time after Tx(e) of the process X from the interval (M"“),x&’;"“) (€)) for
m = My(e); here, My(g) £ max;<i<p, Xri(e) 18 the running mazimum of X (o), ..., X7, (e)-

Remark 1. Since the sequence (a,)n>1 of is increasing, its limit as n — oo exists
and is greater than one. Taking limit as n — oo of the recursion’s both sides in (|12))
implies that lim, .., a, = +o0o. Therefore, for every m € R,, we have lim, . 2 =0
and lim,, ., V™ (2, m) = 400, which is in agreement with the infinite value of the Russian

option in the case that p = r; see Shepp and Shiryaev [10]. This behavior is illustrated in
Figure [2|
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FIGURE 2. Behavior of V(™ (z,m) as a function of n. We take ¢ = 0.2, u =
r = 0.04, m = 2. The left panel shows V(™ (2, m) for a range of = around m
with n = 1,3,5,...,11,15,20,...,60. The thresholds z{%’ at which V™ (z,m)
“takes off” from the level m are seen to be decreasing to zero as expected. The
right panel shows the sequence (a,) from . This sequence grows without
limit; see Remark [I]

Proposition 4. Suppose that ;o < r. Define the increasing sequence

1 —k2/k
ai=1, a = ﬁ i o ks A a
T T e (U Ky ky — 1 "
14
) 14k ky—17 k1/k
@ il ko a®, n=1,2
k 14 ky ky—1 n T
Then, for every n > 1 and m € Ry, we have the following:
(i) The value function V™ (x,m) in (3) is given by
(15)
(m, O§x<x£:f7)1 )
kg —kl
VO (z,m) =< (M & n ky )+ ko = : x£,’§)1 <z < 337(77:)2 , xRy,
k :L'(n) .T(n) ? ’
m,1 m,1
[ ant, T = 955:,)2 J
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k, (1+k1)/k ks (k2—1)/k m
™1 (1+k1) (@-1) ay’
N key k1/k & ka/k m M 1/k x(")
m2 T\ 1+ ky ko — 1 an | ki(ky —1) 1

where

z
>

S
>

(ii) The sequences (myﬁﬁ)l)nzl and (mfgé)nzl are decreasing, and xfg
(iii) The first exit time
W & inf{t>0: X; ¢ (2, 20)}

m,17 ¥m,2

(n) .(n)

of the process X from the interval (z,,%,%,,5) is an optimal stopping time for the

problem in .

Remark 2. If 4 = r, then ky = 1 and £k = 1+ k1. As u / r, we have ko \, 1, and the

sequence (a,),>1 in (14) reduces to that in (12)). Therefore, the (a,) in and are the
same sequence, whose form is determined implicitly by the relation between r and pu.

Corollary 4. Suppose that ;< r. The value of the multiple-stopping option in with
n > 1 exercise rights equals V™ (x,0) = a,z at every initial stock price v € R,. If

=0, and TkH:T?Sl"’k)oGTk‘ k=1,...,n—1

m=Mp’

is the first exit time after 1, of the process X from the interval (a:S;’“), xfg;k)) form = M, =

max,<i<r Xr,, then the strategy (11,...,7,) € S™ is optimal for the problem in (@

Figure [3| illustrates the implementation of the optimal policy with n > 5 exercise rights
along a sample path of the process X. One can make the following observations:

(i) Between successive exercises, the continuation region is a bounded interval containing
the running maximum of {X,,..., X, }.
(ii) Waiting time between two exercises is positive if and only if the process X leaves the
current continuation region from its upper boundary. Note that 7y < 7, < 173 =74 =
. = 7, in Figure [3] As soon as the process leaves one of the continuation regions
from its lower boundary, all of the remaining rights are exercised instantaneously.
Hence, left-boundaries of continuation regions provide protection again deteriorat-
ing time-value of the option, while right-boundaries enhance the terminal payoff by
marking new records of the process.
(iii) Recall that an optimal exercise rule for the Russian option in ({2)) is the first time 75

that the process X reaches to the (1/a)th-fraction of its running maximum M (t) £
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T3 = Tm 0b,, (n=3)

T4 = Tm 0973|

m=M, m=Ms m=Mgs

F1GURE 3. Geometric Brownian motion with ¢ < r. Execution of the optimal
policy when n > 5 along a sample path.

maxe(o, X¢; see, e.g., Shepp and Shiryaev [10]:

M(t)

14 Fky)k
TRéin{tEOZXtS—}’ where aéw
«

ki(ky — 1)

The number « is also the ratio of upper and lower boundaries xfjjg and .9:5,7:7)1 in 1)
of continuation region of the optimal multiple-stopping problem for every n > 1 and
m e R+.

In Figure the lower boundaries :L'E\Z;{), j =1,...,n of continuation regions always
lay above the exercise boundary ¢ — M (t)/a of the Russian option. In other words,
the continuation region of the multiple optimal-stopping is contained in that of the
Russian option. If (7y,...,7,) is the multiple optimal-stopping strategy described in
Corollary {4, then it is easy to show that 7 < --- <7, < 7R.

Proposition 5. Suppose that u < r. Then, for every m € R, , we have

ki/k ko /k
a® lim a, = al Fa ,
n—00 1+ Fk ko —1

(n) _ {kl(kf’z - 1)]%
m,1 (1 + k’l)k‘z

(n)

m<m= lim x5,

A li
Tma = Im x
n—oo n—oo
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FIGURE 4. Behavior of V(™ (z,m) as a function of n in Proposition . We
take o = 0.2, u = 0.03,7 = 0.06, m = 2. The left panel shows V™ (z,m) for a
range of x around m with n =1,2,...,10,15,20,...,50. The thresholds mi,?l
are the “take-off” points at which V(™ (2, m) becomes larger than m and are

seen to be decreasing and approaching the limit z,,; of Proposition . The
(n)

horizontal line at m -a and each V(™ (x, m) intersect at the threshold x = Tplo

by Proposition 4, The mapping z +— V™ (z,m) = a,z is linear on [xf:’)Q, 00).
The right panel shows the sequence (ay,),>1 from . This sequence converges

to a of Proposition |5| and indicated with the solid line.

and the limit V(z,m) = lim,, ., V™ (2, m) exists and equals

;

0<z<am

m,

m
2k
k:[l<

ax,
\

X

Tm,1

)

X

xm,l

— k1
_) y Tm,1 S r<<m,,

T>m

$€R+

Remark 3. For every s € R,, the function V(z,s), z € [0,s] in coincides with the
value function of the Russian option calculated by Shepp and Shiryaev [10, Equation 2.4]

(our —k1, ko, ,,1/m are their 1, ¥o, a, respectively).
Moreover, the identity V(z,0) = V(z,z), x € R, shows that, if the initial stock price is

x, then the limiting value function lim,, ., V™ (z,0) = V(z,0) of multiple-stopping option
agrees with the Russian option’s value function V' (z,z). Hence, as the number of exercise
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rights increases the regret of the holder for buying finite number of exercise rights instead of
a full lookback option reduces to zero.

Finally, since the upper exercise boundary 33;(22 of the optimal multiple-stopping problem
converges as n — oo to the “running maximum” m, the Russian option may be thought
loosely as a multiple-stopping option with unlimited number of exercise rights, which are used
to mark every time the underlying process breaks a record. See Figure |4 for an illustration
of the convergence of the sequences {V ™ (2, m)},>1, (95527)1)”21, (xifj;)nzl, and (ap)n>1-

3. METHOD OF SOLUTION
The relation lets us calculate the functions V" n = 1,2, ... recursively. After V(1
is calculated for some n =1,2,..., let
g (x) £ V(g h(z) Vm), x,méeT.
Then becomes a discounted optimal stopping problem with terminal payoff function g,(ff ),
In order to solve it, let us introduce the functions

E,lexp{—r7.}|, r<c 1/E.lexp{—r7,:}]|, z<c
y;(@:{ lexp{—r7.}] < } 9O(x):{/ lexp{—r7.}], z < } .,

1/EJexp{—r7.}], ©>¢c E.lexp{—r7.}], x>c¢

F(z) = , r€eI,

where ¢ is an arbitrary but fixed point in the interior of the state space Z, and the random
variable 7, is the first passage time of X to the level y € Z. The functions ¢ (-) and ¢(-) are
increasing and decreasing, respectively, and are the only (up to multiplication by positive
constants) monotonic solutions of the differential equation

Au(z) — ru(z) = 0.

Here A is the infinitesimal generator of the process X and coincides on smooth functions
with the differential operator

2 2
Au(z) = %u”(:v) +pu'(z) and  Au(z) = %xQU”(a:) + pau'(z)

for arithmetic (i.e., Xy = Xo+ut+0B;, t > 0) and geometric Brownian motion, respectively.
Both of these processes are linear regular diffusions, and the boundaries, denoted by a < b, of
their state-spaces are natural. Therefore, the results of Dayanik and Karatzas [3| Subsection
5.2] apply, and we summarize here their direct implications for the problem in ({4]):
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Proposition 6. (i) The function x — V™ (x,m) is either identically infinite or finite ev-
erywhere. It is finite if and only if the limits

(n)
m’ V0 .
lim sup g o F () and lim sup
zla @ zTb

g5 v o

o F~Yx) are finite.

(ii) If the function © — V™ (z,m) is finite, then V™ (x,m) = o(z)- WS (F(z)) for every

x,m € I, where W is the smallest nonnegative concave majorant of the function

o
Gi(y) & (%) oFy), yeFQ).

(7i) If an optimal stopping time exists for , then the first exit time of the process X
from the continuation region C,, = {x € T : VW (z,m) > gv(ﬁ)(a:)} is also optimal.

(iv) An optimal stopping time exists if the limits in part (i) are zero. If one of the limits
is positive, then an optimal stopping time exists if and only if the associated boundary point

is a limit point of the stopping region I \ C,,.

4. BROWNIAN MOTION WITHOUT DISCOUNTING: PROOFS OF PROPOSITIONS [I] AND

We begin by analyzing the problems stated in Section 2.1. In this case because X is a
linear Brownian motion and there is no discounting, we can use the classical tool of concave
majorization as in the original paper of Dynkin [5]; see also Dynkin and Yushkevich [6]. No
transformation is necessary allowing for a more intuitive proof based on direct geometric
reasoning.

Fix m € [0, 1] and let gt (z) = VU (z, h(z)vm). Since V™) (z,m) = sup, s E, [g,(,ff) (X,)]
it follows that z +— V(™ (z,m) is the smallest concave majorant on [0, 1] of gim ().

To give the reader some intuition, let us carry out explicitly the first couple of steps that
lead to Proposition [I] Let us look at the case that h(z) = z for every z € [0, 1]. First, if no
stopping times are left, then trivially V' (z,m) = m. Hence gfﬁ)(x) =2V m and it is easy
to see that the concave majorant of gy(i)(x) is the affine function

VW (z,m) =m+ (1 —m)z.
Also since VO (z,m) > g
{0,1}. This shows that given one exercise right, an optimal strategy is to wait until hitting

(x) everywhere except at the boundaries, the stopping region is

the absorbing boundary points. Next,

m+(1—m)x, z<m,

@) =V (z,zVm) =
g (1) ( ) r+(1—2z)x, z>=m.

Hence, ¢® () is linear for small z, and then concave quadratic for large x. Note that
(d/da:)gg)(a:)]x:m, =1 —m, while (d/dx)gg)(w)’x:er =2(1—=m) > 1 —m. Therefore, we
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FIGURE 5. Plot of V(M (z,1/4), gﬁl(x) and V®(z,1/4) for the linear Brow-
nian motion on [0, 1].

have a “corner” at x = m. As Figure [5| illustrates, the smallest concave majorant of gr(r%)(x)
is given by

m+2(1—+vm)z, x<+m,

2w — 12, T = \/m.

V& (2,m) = {

Moreover, we see that the continuation region is (0,:E$2)) where the threshold zY = vm
solves the slope-matching equation (g,(q%)(a:) —m)/z = (d/da:)g,(ﬁ)(a:).

Proceeding in this way one obtains the result of Proposition [1] by induction. We have
already confirmed for n = 1,2. Assuming is true for n, then
m4n(l—-m""z, x<m,

(n+1) — 1 —
G (x) = VI (z, 2V m) =
(n+ 1Dz —nz™/" 2 >m.

The smallest concave majorant of g,(ffﬂ)(x) is linear on |0, :U%LH)] and is gfffﬂ)(:n) itself on

[xg,?ﬂ), 1]. At the critical threshold 2 the slopes of the two pieces match, yielding

(n 4 1)z — nz™+/m —m

e z pmafy D

(n+1)— (n+1)at/"

or xglﬂ-l) — ml/(n+1)
(n

concave on [xm+1), 1] € [m,1]. This recovers for n replaced with n 4+ 1, completing the
induction step.

. . . . . 1 .
as claimed. The continuation region is connected because gfff * )(x) is
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The proof of Proposition [2] is very similar, except we must take h(z) = (K — x)* in ({3)).
To start the induction, we compute

VW (z,m) =K — (K —m)x,

and V@ (x,m) is the smallest concave majorant of VM (z, (K — )™ vV m); i.e.,

(2)( ) K — 22, r<l—vV1+m-—-K,
V¥ (x,m) =
m+21—z)(1-V1i4+m—-K), z>1—-vV1+m-—-K.

Proposition [2 now easily follows by induction. Observe that V™) (x,m) is linear on [:Eq(lf), 1]

and concave on [0, i )]. The limit can be obtained with a computation similar to (8]) yielding
(x —1)log(l — K), r > K,
(18) E.[sup (K — B,)"] =

T

(K —2)+ (x —1)log(l —z), =< K.

5. GEOMETRIC BROWNIAN MOTION WITH DISCOUNTING: PROOFS OF PROPOSITIONS [3],
[4], AND [5]

5.1. Proof of Proposition (3| We shall start by proving (i). By an induction on n, we will
establish simultaneously the identities and

k
my*/*, Ogygyﬁ,’f)é(%~ﬁ> < mk,
(19) Wy = . "
n k ! - n
Ly (y) = awy + JrarBm, g >yl
For n = 1, we have g,(,}b)(x) =2V m, and
(1) (1)
lim sup g () — lim = 0, limsup grn () —lim S =1.
w0 () xl0 z™M stoo Y(T) zloo T

By Proposition @(i), the function V) (-,m) is finite. The smallest nonnegative concave
majorant W, )(y) of the function

(1) my/E 0 <y <mb

dm Y ) SY> )
GO(y) =" o .
Y, y>m

(1)

coincides on [0, yn'] with ym S

ki1/kand on [y, 00) with the affine function LY (y) which has

slope one and is tangent to y — my*/* at y = yﬁ); see Figure @(a,b). The equations
d
1=~ (my"/") |y:y§;>a LY () = mykl/k|y:y§%>

dy



FILLING THE GAP BETWEEN AMERICAN AND RUSSIAN OPTIONS: ADJUSTABLE REGRET 15

A A Lo (y)

An+1 .
’
Q2

4
an < af+1 :an>1

f— V.
_ta; =1 .,
/

‘/1/,7(7L+1>

:

Wi (y) S Sy
1
1

<

7
7’
7/
7

mykl/k | mykl/k
4, I

>
\

0 m T i mb oy mk oy

(a) (b) ()
FIGURE 6. Illustrations for the proof of Proposition 3| In (b) and (c), n > 1,
and L (y) is the straight line, which is parallel to y — a,y and tangent to

kn/k at y = y{™. This line intersects with y — a4,y at y = mF. In

L5 (y)

y
y

Yy = my
(b), Wi )(y) is the smallest nonnegative concave majorant of G (y), which

coincides on [0, m*] with my*/* and on [m*, 00) with y. In (c), W,%nﬂ)(y) is

the same majorant of G%H)(y), which coincides on [O,yﬁg)] with myk/k,

[y, m*) with L3 (), and on [m*, 00) with a,41y.

on

imply that

k
myk‘l/k” 0<y< yﬁnl) = (% . m) < mk’

Wi (y) =

Ek

L) =y+pm" v >y,

Finally, if we define z0 = F-1(y)) = (ky/k)m < m and €5 (z) = o(z) LY (F(x)), then
Proposition [f] (i) and (iv) imply that

k
m, 0§x<x£}b):f7n<m,
VW(2,m) = o)W (F()) = L
(D(z) =z 4+ Lmbz™r £ >2W,
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Hence, both and hold for n = 1 since a; = 1 by definition. Note also that, since
the second limit in Proposition [f](i) is positive, and the right boundary +oo is not a limit
point of the “stopping region” {z € R, : VM)(z,m) = g,%)(x)} unless m = 0, there is no
optimal stopping time by Proposition @(iv) if and only if m > 0.

Suppose now that and hold for some n > 1. Let us show that they are also
correct for n + 1. Recall that

V("H)(x, m) =supE, [ TTgT(:H)(XT)} , x,meR,,
TES

where g™ (z) £ VW (2, m V z) equals

gty

vV (z,m), 0<z<m
(z) = [ ki {

+ —a_kl} r, T>m

Vi (z,m), 0<x< m}
Lk

Ap+17T, T >m

by induction hypothesis. Indeed, for every € R, we can calculate V™ (z, 2) = V™ (m, m)| -0
from , and the second equality follows from the definition of a,; in . Note that

gLH)(x) m (nt1) x) (pil1®
limsup ———— = lim —= =0, lim sup 22 = lim —~ = apy1 > 0.
z]0 p(x) zl0 z]oo p(z) zloo T

Since @y, is finite, the function V"V (2, m) is finite by Proposition @ i). Let WTS{LH)(y)
be the smallest nonnegative concave maJorant of G (y) = [ (nt1) /cp] o F7'(y), y € Ry.
Since V(F~1(y),m)/o(F~(y)) = W (y) by Proposition |§|( i), we have

Wily),  0<y<mt my"/E 0 <y <y

Ghti(y) = Yk = LW,y <y<mhy,

k
nt1—— 75> Y=m
Ty Rk ani1y, y>mh

where the second equality follows from by induction hypothesis, and Lfﬁ)(y) = a,y +
(K

Let us now find W™, It is easy to check that the straight line y — ng)(y) is tangent to

the strictly concave and increasing curve y — my*/F at y = y(n) < m Moreover the same

k.

line intersects with y — a, 1y at y = m”; see Figure |§|( ). Let y = ym Y be the point where

ki /k

the derivative of y — my equals a,1. Since this curve is strictly concave and has infinite

right-derivative at y = 0, the number y,(g ) exists and is unique and positive. Moreover,

y,(,ff“l) < yfff ), since the derivative of the same concave curve at y = yq(lf ) equals a, < apy1-

k1/k and on [yﬁr?ﬂ),oo) with

ki/k ot

Now it is clear that W,%”H)(y) coincides on [O,yfﬁﬂ)] with my
the straight line Lfffﬂ)(y), which has slope a,; and is tangent to the curve y — my
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y = yﬁffrl). The equations
d
Upi1 = d_y (mykl/k) ’y:yg’;“)v Lg;z—l-l)(ygb-&-l)) — mykl/k|y:y§;+1>
imply that
ki/k (n+1) k. om \F
my ! ) 0 < y < Ym - ?
(n+1) _ Ant1
W (y) N
L (y) = anay + papim®, oy >yt
Finally, if we define 2" £ F-1(y%"™)), then VOt (z,m) = p(2)WS(F(z)) gives
m, O§x<x%‘+1):@- m’
V(n+1)(ZL‘, m) _ k An41
R 1
Upg1 T + T gh g > gt

by Proposition |§|(11) Note that V;{"™ and W™ have the same form as in and (19),
and the proof of Proposition [3[(i) is complete.

Moreover, the second limit in Proposition |§|(1) is positive, and the right boundary is again
not a limit point of the “stopping region” {z € R, : V(2 m) = ¢\ (2)} unless m = 0.
By Proposition @(iv), there is no optimal stopping time if and only if m > 0.

Since (an),>1 is increasing, Proposition [3{ii) is obvious. For the proof of (iii), suppose
m > 0 and fix € > 0. Notice that

Ky
2™ (e) = min{z > m; VW (z,m) — ¢"(z) < e} = min {x > m; k—lkoz_klmkx_k1 < 5} .

The first exit time 7.y (¢) of the process X from the open interval (ng),xg;f) (¢)) is finite

a.s., and the function z + V(™ (2, m) is r-harmonic on the continuation region (ngf), 00) D
(azgff), ) (€)). Therefore,

E, |:€—r'r7(r7>(6) g < XM@)] >E, [e_mﬁme) (V(n) ( X ooy m))] = V™ (g, m) —e,
and Proposition [3(iii) is proved. O

5.2. Proof of Proposition [4 We will prove (i) and (i) first. By an induction on n, we
will establish simultaneously the equations and

my"/*, 0<y <yl <mh
n n k n —ka/k k n k1/k n n
(20) Wi (y) =< LW(y) = mf [yfn,)l} Y+ mf [yfn,)l] i <y <y,

any(Hkl)/k, y > y;:z)g > mk’
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W (71+l)

m

L3 (y)

ki /k k1/k

1
1
1
:
my :
(14+k1)/k

my
y(1+kl)/k

Yy a+1

a y(1+k1)/k

Y

Y
Y

n+1 —+1
0 m Z I/r(n>l mk UEn)Z Y UEVL 1 >y7(:)1 m UE:Z )yfv?)Q )

(a) (b) (¢)

E

FIGURE 7. Illustrations for the proof of Proposition . In (b) and (c), L (y)

is the straight line which is tangent to strictly increasing and concave curves
ki/k (n)

m,2)

y — my*/F and y — a,yHE at y = y,(?z)l and y = vy, %, respectively. In (b),

W,gl)(y) is the smallest nonnegative concave majorant of the function G4 (y),
which is the maximum of the curves y — my*/* and y +— y(+*¥)/k In (c),

1+ is the same majorant of Gty (

my*/* on [y,(n’)l,m | with L (y), and on [mF,00) with @,y +*)/% The
14+k1)/k k-

y), which coincides on [0,y("}] with

m,1

curves y — any(”kl)/’lC and y — an+1y( intersect at y =m

where

™ _ K 1+ky ky O\l m k . ke m k
Im1 =\ 11 & fey — 1 o, ) 0 Ym2T 1+k1 k2—1 .

are the tangent points of the straight line y +— L%’f)( ) toy — els ( ) defined in Proposition
i)
For n = 1, we have gg)(x) =m V z. Since

(1) (1)
lim sup g () = lim sup g ()

20 p(@) stoo P(2)

=0,

the value function V(- m) is finite and admits an optimal stopping time by Proposition
@ (i) and (iv). Let us calculate the smallest nonnegative concave majorant Wi )(y) of the

function
k1 /K
Y

1 my 0<y<mk
9 - 5
ij} (W) =" o) = { (14k1)/k

¥ Y yzmk.
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The function y +— €S (y) is the maximum of the strictly concave increasing functions y —

my*/* and y — y(TF)/% which intersect at y = m*; see Figure (b) The valley centered

at y = m* can be bridged by a straight line Lfﬁ) which is tangent to y — my*/*

y — ydtR/E gty = yfi)l and y = ygé, respectively, and majorizes G everywhere. The

and

points y%)l and yg)Q are unique solutions u < m* < v of the system of equations
i (mykl/k) | _ oIk k0 k1 [k _ i (y(1+k1)/k) }
dy y=u v—u dy y=v’

The straight-forward calculations give

14k ko—1 k1 ko
(1) Ky ks k k (1) ky ks k
= < < = .
Ym.1 (1+k’1) (k‘g—l) m m Ym.2 (1—|—k’1) (]{2—1 m

Moreover, the equation of the straight line Lg,lL)(y) becomes

d k —kQ/k k kl/k
1 1 ) ) ) 1
G,%) <ym( )1> + <y - yin,)l) ) _dyG%)(y)’FyS?l = m—k [yfn)l] Y+ m—— [yﬁn)l} .

Therefore, we have

mykl/ka 0< y < yi}i,)l < mka
1 1
Wr(nl)(y) = L,%) (y), yin,)l <y< yin,)%
y(1+k1)/k7 y > ygg > mk.

If we define xg)j = F(*l)(yr(i?j) = ( T(rlb?j)l/k for j = 1,2, then Proposition |§|(ii) implies that
VO (2, m) = gp(m)Wrg)(F(x)), i.e., with K%)(Q:) A (z*) we have

(1) k

m, 0<z<uaz,;<m,
k:z —k?l
VO (z,m) =< (W(z) = m k1 S ko L , xfﬁ)l <z< a:‘ﬁ,lb)Q,
m,1 m,1
1
L, T > xfn)Q

This proves part (i) for n = 1. Suppose that V™ (z,m) and ng)(y) are given by and
, respectively, for some n > 1. Let us show that they also hold for n + 1. It is easy to
check that

—ko/k

kl 14k kg ka—1 (a )kQ
1+ K ky — 1 "

VW (m,m) =" (m) =m{ —
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by the definition of a, in ((14). Therefore,
VW (z,m), 0<z<m,

g (@) =V (z,mv ) =
Up i1, x=>m,

and since V™ (F=1(y), m)/o(F~(y)) = W (y) by Proposition @(ii), we have
(n)

k1 /k
my='e, 0<y<Yp
(1) W), 0<y<mt ) L
G =g e s =4 LYy, Yy Sy <m
n+1Y y Y= a (1+k1)/k > E
n+1Y y Yy=2m

by the induction hypothesis. The function y +— GT s the maximum of the concave

and increasing curves y — W (y) and y = A yTFIE wwhich meet at y = mF; see

Figure B( ). The valley centered at y = in the graph of y — Gt

n—‘rl)( )

can be bridged by

a stralght line L , which majorizes Gon ) everywhere and is tangent to the curves

y = Wi (y) and y — apy /% at some points y = y( ") and y = yf,f:;l), respectively
Since y — an1y*)/k is above the line L\ (y) on y € [m* ,oo), the points yfn 1/ and y(n+ )
are the unique solutions u < yf,?l <mF <wof
14+k1) /K ke /e
i (mykl/k) ‘ _ an+1U( R — mul/ — i (a y(lﬂn)/k) ‘
dy y=u v—u dy \ " y=v’

After straight-forward algebra, we obtain

14k, ko—1 k
(n+1) k1 ko m (n) k
= < < m",
Yma (1 T k’l) (k’g — 1) (%H) Yma <M

k1 ko k
(n+1) k1 ko m (n)
< = E— < .
m me (1+k1) (k2_1) (an+1) ym,Q
(n—f—l)( )

Last inequality follows from that a,; > a,. The equation of the line Ly,

—ka/k k ki/k
(n) (n+1)> < (n+1)) i (n) _ ﬁ [ n+1):| R2 [ n+1)]
Wy (yml T\Y — YUm1 dme (3/>‘y y (7D =m I Ym,1 y+m 2 Ym,1 )

becomes

and the smallest nonnegative concave majorant of GUtY g given by

my/*, 0 <y <yt <ynh <m
W) = 3 L), v <y <ot < yffzév
y(1+k1)/k7 y > yr(:'gl) > mk7
which is the same as (20)) with n+1 instead of n. Finally, let us define z,, n+1) Ffl(yf?’;;l)) =
?J(mrl Uk for j = 1,2. Then 2P < T <ok < gD < g 2N pl"OVeS ii), and by
m,J m,1 m,1 m,2 m,2



FILLING THE GAP BETWEEN AMERICAN AND RUSSIAN OPTIONS: ADJUSTABLE REGRET 21

Proposition |§|(ii) we have that VD (2, m) = o(2)Wa ™ (F(2)) equals

(m, 0<zr< m,,(gjl),
kQ _kl
n n m z x n+1 n+1
VO (g, m) = @ (@) = 2 gy (xw) +ky (ﬁ) el <w<ally,
m,1 m,1
[ An+17, T > xfg;l)

in terms of &(ffﬂ)(x) = x_le,(ﬁH)(xk). This completes the proof of Proposition {4 (i) and
(ii). Finally, (iii) follows from Proposition [f] (iii). O

5.3. Proof of Proposition [5} We need to prove only the first equality; the rest follows
immediately from it. The sequence (a,),>1 in is increasing. Therefore, the limit a £
lim,, . a, > 1 exists and satisfies the equation

—ky/k

kl 1+k1 k‘g ko—1 :Ekg
1+ Kk ko — 1
k 14k sy ka—17 *1/F N
x
1+ Kk ko — 1 ’

obtained by passing to limit as n — oo in . In order to find a, we will guess its value,

ki
21 = —
1) o=

ks

k

verify that it satisfies the above equation, and that the equation has exactly one solution.
From Proposition {4 (i) and (ii) we know that

ki/k ko/k
(n) & k1 ko m
= —F — > > 1.
m2 (1+k1> (k2—1> a0 =

Since a,, /" a, this inequality implies that a is finite. Recall that J:%L’)Q gives the upper

exercise threshold when there are n exercise rights. Intuitively, as the number of exercise
rights increases, the optimal waiting time before marking a new record of the process X
should get shorter. In the limit, this waiting time should reduce to zero if the process starts
(n)

m,2 =

o PN Ky O\
T\ 1xk Ty — 1 ‘

It is easy to verify that @ satisfies (21]).
To show that a = @, we shall prove that @ is the unique solution of . Note that every
x satisfying must be nonzero. If we divide by o(x) = 7" and replace in the

at m. Therefore, we expect lim,,_,, x m, which implies that a equals
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resulting equation every  with F~'(z) = z/*, we obtain

47 —ka/k
) v B[R\ Y
k 14k ko —1
k2 kl 1+k1 kQ ka—1 k1/k
3 <1+k1> (k;g—l) ]

Note that z solves if and only if F'(x) = 2% solves . Therefore, it is enough to show
that (@) = a* is the unique solution of . However, its easy to check that the straight
line on the right is tangent to the strictly concave curve on the left exactly at x = @; because
of the properties of strictly concave functions, they cannot meet at anywhere else. 0

6. VALUE OF RUSSIAN OPTION AS LIMIT OF MULTIPLE-STOPPING PROBLEMS

In all the examples studied above, in the limit as n goes to infinity, the multiple-stopping
value function V(™ (z,0) converges to the value of the Russian option V(x). This fact
can be shown to hold for quite general processes X and provides an alternative method of
obtaining V/(z). Let V() (2, m) = lim, .., V™ (z,m). Then V(z) = V) (z,0) is a fixed
point of the iteration performed in . Indeed, V() (z,m) is the smallest concave majorant
of gi (z) £ V) (z, h(x) V m) for any z,m € Z. This observation leads to an ordinary
differential equation (ODE) that must be satisfied by V(*)(z,m) from the slope-matching
conditions.

To illustrate this idea heuristically, consider the problem solved in Proposition [T} Recall
Ve (z,m) = {

m —log(m)x, = <m,

r —zxlog(z), x>m.

From Figure [5| it is easy to see that V() (x,m) must consist of a linear segment between
0, :L‘,(ﬁo)) and the curve V(x) = V) (x,0) on [a;Si"), 1]—observe that for x > 2% the function

V(”)(:U, m) is independent of m. Moreover, since with infinite number of exercise rights we
(c0)

exercise whenever a new record is achieved, we must have x5, * = m. From the graph we also
see that the two pieces should be smoothly connected at 2. The latter slope-matching
condition at 25 = m together with V() (m,m) = V(m) now implies that

(23) [V (m) —m]/m = V'(m).

The left-hand side above is equal to the slope of V() (x, m) between the points (0,m) and
(5, V(25)), which is also the left-derivative of V) (z, m) at 's”). The right-hand side
of is the derivative of V() at x = m; i.e., the right-derivative of V(*)(x,m) at x = m.
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Moreover, we have the boundary condition V(1) = 1. Solving the first-order ODE in (23))
we immediately get V(z) = (1 — log(z)), as already shown in (g).

Applying the same method to the problem of Proposition |2| we obtain 28 = K —m and
V() (z,m) is V(z) on [0,355720)) and is affine on [:ngio), 1]. The function V(z) itself is linear
on [K, 1], since on the latter interval the reward is identically zero. The slope-matching at

x,(ﬁo ) reduces to the first-order ODE

V(K —m)—m
(K—m)—1

(24) — V(K —m),
with the boundary condition V' (0) = K. Solving (24)) we recover the function in ([18)).

In general, let H(y) = 1/o(F~'(y)) as defined in Section 3. We work in the transformed
y-space determined by Proposition [f} In the canonical situation the continuation region
is connected and determined by upper and lower boundaries y,(,z)l < F(m) < y,(:)z As in
Proposition yf:’ )1 \, ¥ decreases to some limit ¢, while yf:, )2 . F(m), since with unlimited
number of exercises it is optimal to stop as soon as a new record is set; i.e., as soon as F'(X)

enters (F'(m),00). Accordingly, we must have

mH (y), y <9,
(25) W (y) = < Ln(y) = f(m)y +mH(G) — f(m)g, §<y < F(m),
L(y) & lp-1()(y), y > F(m)

for some function f(-). Namely, for x very small, V(*)(x,m) = m, which implies W) (y) =
mH (y). In the continuation region (yfnoi),ysg ), the function W,sfo)(y) is affine, while for
large z it is optimal to stop immediately and the transformed reward is W) (y) }m: Foi(y);

Since W&oo) is a limit of Wﬁ,? ), it must be invariant with respect to taking concave ma-
jorants. As a result, W) (y) is itself concave and its slope at the upper threshold F(m)
must equal its slope at the lower threshold g, as well as the slope of the affine segment. It
follows that the only unknowns above are (i) the function f(-), which gives the slope of the
linear portion of W™ (y) as a function of m, and (ii) the threshold §(m), which indicates

the beginning of this segment. The slope-matching conditions require

(26) TL)| = ) =mEHG)|

The second equality can be used to find the lower threshold §(m), while the other equality
can be reduced to

(27) f'(m)(§ — F(m)) = H(g).
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Unfortunately, there is no natural boundary condition for selecting a particular solution of
, so to obtain a full characterization of Wéfo) each problem must be considered on its

OWIl.

Remark 4. For geometric Brownian motion on Z = R, with h(x) = =z, this fixed point
method implies that f(m) of solves

Z’ka/k

(28) f'(m) = - where ¢ = (Mﬁ 7k/k2.

It can verified that this ODE is indeed satisfied by f(m) = m% (g)*kz/k from (20) with
1+k1 ko—1
Y= <1ﬁl> (1@’?1) (%)k and a of Proposition .

Finally, let us turn our attention to the unsolved problem of a Russian option for arithmetic

Brownian motion with drift. Suppose that » > 0 and let
(29) Xt:$+ut+UWt, tzo,l’EI:R,

be a Brownian motion with drift ;1 and volatility o. Denote by k; o the roots of the quadratic
equation (02/2)k* + pk — r = 0; namely,

2r 1 u2 o 2r
—/{71:—;— ;+ﬁ<0<k‘2:—§+ ;—FF;

and k:/{?g—i-kl

It is easy to check that at each step W,%")(y) has three pieces: an initial one of the form
(n)

my*/* for y < ySZ’)I, then an affine segment for y,,; <y < yﬁ,? )2, followed by a concave piece

(n)

m,2°

defining V® does not have closed-form formulas. However, the preceding method does lead

ony >y Unfortunately, explicit computations are not possible. Already the equation

to the following conjecture:

Conjecture. If X is an arithmetic Brownian motion, r > 0 and h(z) = x, then the limiting
value as n — oo of the functions in @ s given by

1
m, z < 7 1og(yma),
(00) — ) Cew 1
VI 2m) = Q 1 (2) 2 f(m)eh + (myp" — F(m)ym)e ™2, Elog(ym,l) <z <m,
L(l’) = lm(x)a T Z m.
The function f(-) satisfies
(30)
((_m)ﬁ)*kd/kz f(m) L —k/k2
/ m k1 . _ v . .
fi(m) = (@kﬁ)—k/kz o with Ym1 = (—m /€1) and  lim f(m)=0.
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The boundary condition of is based on the observation that any solution of the
corresponding ODE has a horizontal asymptote for large m. On the other hand, as m — oo,
Ym1 — €™ because the exponential cost of waiting dominates the potential linear gain.
Consequently, the continuation region shrinks and the slope of the affine segment goes to
zero. Numerical results indicate that the desired solution might also be a separatrix; namely,
the smallest non-exploding solution of . If our conjecture is true, then the value of the
Russian option in this case is V(z) = V() (z,0) = L(x) for any » € R,.
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