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ABSTRACT. Suppose that a Wiener process gains a known drift rate at some unobservable disorder
time with some zero-modified exponential distribution. The process is observed only at known
fixed discrete time epochs, which may not always be spaced in equal distances. The problem is to
detect the disorder time as quickly as possible by an alarm which depends only on the observations
of Wiener process at those discrete time epochs. We show that Bayes optimal alarm times which
minimize expected total cost of frequent false alarms and detection delay time always exist. Optimal
alarms may in general sound between observation times and when the space-time process of the
odds that disorder happened in the past hits a set with a nontrivial boundary. The optimal stopping
boundary is piecewise-continuous and explodes as time approaches from left to each observation
time. On each observation interval, if the boundary is not strictly increasing everywhere, then
it firstly decreases and then increases. It is strictly monotone wherever it does not vanish. Its
decreasing portion always coincides with some explicit function. We develop numerical algorithms
to calculate nearly-optimal detection algorithms and their Bayes risks, and illustrate their use on
numerical examples. The solution of Wiener disorder problem with discretely spaced observation
times will help reduce risks and costs associated with disease outbreak and production quality

control, where the observations are often collected and/or inspected periodically.

1. INTRODUCTION

In Shiryaev’s (1963} 1978]) classical Bayesian formulation of Wiener disorder problem, a Wiener
process gains a constant nonzero known drift rate at some unknown unobserved random time with
zero-modified exponential distribution. The objective is to detect the disorder time as soon as after
it occurs by means of a stopping time of the continuously monitored Wiener process. The solution
of Wiener disorder problem is important, because quickest detection of disease outbreak from the
number of emergency room visits, machine failures from the measurements of incompliant finished
products, sudden shifts in the riskiness and profitability of investment instruments can save lives,
reduce maintenance and scrap costs, cut financial losses or enhance financial gains, respectively.

In this paper, we revisit Wiener disorder problem, but assume that Wiener process is observed
only at fixed known discrete time epochs, which may be separated from each other with unequal
distances. In disease outbreak monitoring and production quality control problems, the observations
are typically gathered and inspected at the end of shifts, which may sometimes be spaced out in time
at different distances from each other because of noon and night breaks, long weekends or national
and religious holidays. Even though the observations are now being taken only at discrete time

epochs, an alarm may be set at any time—at observation times or any time between observation
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times. Our goal is to solve the continuous-time Bayesian quickest detection problem while the
information become available at discrete time epochs.

More precisely, suppose that a Wiener process X = {X;; t > 0} gains a known drift rate u # 0
at some unknown random time O, which either equals zero with some known probability p € [0,1)
or has exponential distribution with some known mean 1/A with probability 1 — p. The process
X is observed at fixed known time epochs 0 = tg < t; < ..., and we want to detect the disorder
time © as quickly as possible, in the sense that the expected total cost of frequent false alarms
and detection delay time is minimized, by setting alarm at some real-valued stopping time 7 of the
history F = (F¢)¢>0 of observations, where

(1.1) Fo={2,Q} and Fi=0{X,; tn <t, n>0} foreveryt>D0.

We prove that a quickest detection rule always exists. We show that optimal alarms do not
always sound at some observation times. Omne should therefore remain alert at all times for an
alarm which may sound at some time strictly between two observations. We also describe how to
calculate a nearly-optimal change detection rule.

Because the times between observations may in general be different, the Markov sufficient statistic
for the quickest detection problem is the space-time process {(®¢,t); ¢ > 0} of the conditional odds
®, at time t of that the disorder happened in the past given the past observations JF;; see
for the precise definition. As shown in Appendix the conditional odds-ratio process can be
calculated recursively by

ot —tn—1,Ps, ), if t € [tp—1,t,) for some n > 1,
(1.2) Py = AX
At,, @ ,771), if t =t, for some n > 1,
]( ny Pt 1 \/Ttn n =

where Aty = t; —t;—1 and AX, = X3, — Xy, | for every £ > 1, p(t,¢) = e’\t(qb + 1) — 1 for every
t>0and ¢ >0,and At >0, ¢ >0, z€ R
2,2

J(At, ¢, z) = exp {,uz\/&—i— ()\— f)At}d)—l—/oAt)\exp{()\%— %)u — /;Aut }du.

If an alarm has not yet been raised until time ¢ > 0, then an optimal alarm time

oo(t) = inf {5 >t Z Lt i) (8) Pty > qbg(s)}, t>0
n=0

is the first time s > ¢, when the conditional odds-ratio ®;, calculated at the last observation time ¢,,
(n > 0 such that t,, < s < t,+1) exceeds the optimal stopping boundary ¢g(s). For every n > 0, the
optimal stopping boundary ¢o(s), s € [tn,tn+1) between the nth and (n + 1)st observation times
is continuous and increases to infinity as s * t,41; see Figure [I] for a typical optimal stopping
boundary. If the boundary is not strictly increasing, then it firstly decreases and then increases. It
is strictly monotone wherever it does not vanish. Therefore, it is never optimal to stop as the next
observation time nears. If the optimal stopping boundary is strictly increasing and it is not optimal
to raise alarm at the last observation, then the same remains true at least until the next observation
time. Otherwise an alarm may sound at some time strictly between the last and next observations.
In Figure[l] if an alarm has not been raised before times t1, t3, or t4, then optimal alarm may sound
at some time strictly inside the intervals [tq,t2), [t3,t4), or [t4,t5), respectively. We also show that
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FIGURE 1. A typical optimal stopping boundary s — ¢o(s). Shaded is the optimal stopping
region. Suppose that an alarm has not been raised before time ¢ € [t,,,4+1) for some n > 0. If
[t,tnt1) N {s € [tn,tnr1); Pr, > Po(s)} is not empty, then it is optimal to stop at the first time
s € [t,tyy1) when @ > ¢o(s). Otherwise, it is optimal to wait at least until next observation time
tn+1. Suppose that @, and ®;, realized as on the figure. It is then optimal to stop at times s; and
t, respectively, for every ¢t € [0, s1] and t € [s1, s9]. If t € (s2,t2), then it is optimal to wait at least
until time ¢2 and act optimally after @, is observed.

the strictly decreasing portion of s — ¢g(s) always coincides with s — e~ (=) (14 \/¢) — 1, while
the strictly increasing part has to be calculated numerically.

Continuous-time quickest change detection problems with discretely spaced observation times
have recently started to receive attention. Brown and Zacks (2006) studied Bayesian formulation
of detecting a change in the arrival of a Poisson process monitored at discrete time epochs, derived
one- and two-step ahead stopping rules, and gave conditions under which those myopic stopping
rules are optimal. Brown (2008]) revisited the same problem, but also assumed that the the arrival
rates before and after change are unknown, and developed one- and two-step look-ahead stopping
rules, and illustrated their effectiveness on numerical examples. Sezer (2009) has recently solved
Bayesian and variational formulations of Wiener disorder problem when the disorder is caused by
one of the shocks, which arrive according to an observable Poisson process independent of the
Wiener process. The classical Bayesian and variational formulations of Wiener disorder problem
were given and solved by Shiryaev (1963} 1978)). Wiener disorder problem with finite horizon was
solved by Gapeev and Peskir (2006]). Hadjiliadis (2005) and Hadjiliadis and Moustakides (2005)
developed optimal and asymptotically optimal CUSUM rules for Wiener disorder problems with
multiple alternatives. The optimality of the CUSUM algorithm was established under Lorden’s
criterion by Moustakides (1986) in discrete time and by Shiryaev (1996]) and Beibel (1996)) for the
Wiener process. Asymptotic optimality of Shiryaev’s procedure in continuous-time models were
proved by Baron and Tartakovsky (2006). Quickest change detection problems were reviewed in
the monographs of Basseville and Nikiforov (1993)), Peskir and Shiryaev (2006), and Poor and
Hadjiliadis (2009).

Let us also mention two important alternative formulations, the wvariational formulation and
the generalized Bayesian formulation of the Wiener disorder problem with observations at fixed
discrete time epochs. In the variational problem, one fixes the probability of false alarm and wants
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to minimize the expected detection delay cost. The Bayesian formulation in can be seen as
the Langrange relaxation of the variational formulation. Particularly, the Bayes optimal alarm time
is optimal also for the variational formulation if the false alarm probability of the Bayes optimal
alarm time exactly matches the requirement. We shall see later that the explicit characterization
of the Bayes optimal alarm times allows one to easily calculate their false alarm probabilities,
and by a straightforward search over a suitable grid of unit delay time cost ¢ and the observation
times t1 < to < ..., one can also solve the variational formulation in practice. For the classical
Wiener disorder problem, the variational formulation and its solution by means of the Bayesian
formulation were studied by Shiryaev (1963} [1978)). As the required false alarm probability tends
to zero and under some general conditions, Baron and Tartakovsky (2006) and Tartakovsky and
Veeravalli (2004) established simple and explicit forms of optimal alarm times for both Bayesian
and variational formulations of disorder problems in discrete and continuous times. In the future,
we plan to investigate if the asymptotic analysis can be fruitfully extended to Wiener disorder
problem with observations at fixed discrete time epochs.

In the generalized Bayesian formulation, instead of an exponentially distributed prior distribu-
tion, an uninformed prior distribution is assumed for the unknown and unobserved disorder time.

The objective is to find a stopping time 7 € & which minimizes
/ E[(r — ©)* | © = ]t — cE[r | © = o]
0

for some constant ¢ > 0, or alternatively [[°E[(r —©)% | © = {]dt subject to the additional
constraint E[7 | © = oo] > for some prespecified v > 0. Shiryaev (1963; 2002) and Feinberg and
Shiryaev (2006]) studied both formulations for the classical Wiener disorder problem, and we plan
to investigate them for the case of discretely spaced observations in the future.

We conclude the introduction with an outline of the paper and its main results. In Section 2,
we start by describing the problem, which is then expressed as an optimal stopping problem of the
Markov sufficient statistic, space-time process {(®¢,t); t > 0} of conditional odds-ratio ®. The pro-
cess @ = {®;, t > 0} is a continuous-time stochastic process with RCLL sample paths jumping only
at deterministic observation times t,, n > 0. Therefore, the solution of the optimal stopping prob-
lem depends on the explicit characterization of Theorem of admissible stopping times, which is
of independent interest and should also be useful for stochastic dynamic optimization problems in
general. In Section 4] suitable dynamic programming operators are introduced, and the solution of
optimal stopping problem is described at observation times. Theorem shows how to construct
e-optimal stopping rules for every € > 0 for the optimal stopping problems truncated at observation
times, the value functions of which also coincide with successive approximations of the value func-
tion of the original infinite-horizon optimal stopping problem. Theorem [4.6| shows that successive
approximations converge uniformly at known exponential rates, which are used for efficient numer-
ical solution methods described later in Section [7] Between the observation times, the solution of
the optimal stopping problem turns out to depend on nontrivial optimal stopping boundaries, the
existence and properties of which are established in Sections [f] and [6] respectively. Theorem [5.1
describes the explicit construction of e-optimal stopping times for every € > 0. Theorems [5.4] and
respectively present for truncated and infinite-horizon problems alternative e-optimal stopping
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times which can be characterized as the first hitting times of the space-time processes to suitable
sets, whose nontrivial boundaries are characterized explicitly by Theorem A numerical algo-
rithm to calculate e-optimal stopping rules is described in Figure |3| and illustrated on examples in
Section[7} Section [8|describes how the false alarm probabilities of Bayes optimal alarm times can be
accurately calculated. The relation between variational and Bayesian formulations is revisited, and
a practical solution for the variational formulation is described and then illustrated on an example.
Long proofs are deferred to the appendix.

2. PROBLEM DESCRIPTION

On some probability space (€, F,P), suppose that X = {X;; t > 0} is a Wiener process whose
zero drift changes to some known constant p % 0 at some unknown statistically independent time
O, which has zero-modified exponential distribution P{© = 0} = p and P{© >t} = (1 —p)e ™ for
every t > 0 for some known constants p € [0,1) and A > 0.

Let 0=ty <t <ty <...<ty<...bean infinite sequence of fixed real numbers, along which
the process X may be observed as long as it is desired before an alarm 7 is raised to declare that
the drift of process X has changed. For each stopping rule 7 of the history F = (F;)¢>0 in (1.1
of observations, we define its Bayes risk as the sum R, (p) = P{r < O} + cE[(t —©0)"] p € [0,1)
of false alarm probability P{r < ©} and the expected detection delay penalty cE[(T — ©)*]. The
problem is (i) to calculate the minimum Bayes risk

(2.1) R(p) == inf R-(p), pe€]0,1),

where the infimum is taken over the collection S of all stopping times of the filtration F, and (ii)
to find a stopping time in § which attains the infimum, if such a stopping time exists. If we define

Li(u,mo,21,...) =[] [we — o1 — p(te — (te—1 vV u)t)?

=
————eXp
0>1:t,<t 27 (ty — te—1) 2(te —te—1)

then we have P {X;, € dx, for every £ > 1 and t;, <t | O} = Ly(O,z0, 21, .) [[151. 4,<; de for ev-
ery t > 0, and the conditional likelihood of the observations X;,, X¢,,... given © = u is

}, u>0,1t>0,

Lt(U) = Lt(u, Xt()7 th, .. )

{ (Xt — Xipoy — plte — (1 Vu))*]?
exp

, u=>0,t>0.
2(te —te—1) }

- 11 1
>1:t,<t V 27 (te — te-1)
Model. Let (Q, F,Ps) be a probability space hosting a random variable © with zero-modified
exponential distribution Poo{© = 0} = p and Po.{© > t} = (1 — p)e ™ for every ¢t > 0, and an
independent Wiener process X. Therefore, Po, {X;, € day for every £ > 1 and t, < t| ©} equals

[z — xp-1]?

1
Li(c0, xo, 21, - . .) H dzy = H exp{
0>1: t<t >1: tp<t V 2m(te — te-1) 2(te — te—1)

Let IF be the filtration in (1.1)) obtained by observing process X at fixed times 0 = tg < t] <t2 < ...,
and denote by G = (G¢)i>0 the augmentation of the filtration F by the information about ©; i.e.,
Gy = F1 V o(0©) for every t > 0, and define P on G, locally along the filtration G by means of

}d:vg for all t > 0.
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P | _ _ Ly(©)
P 5 = 7Z1(09) := T,(>0)
o]y (Xt, = Xey ulte = (O V)T p2([te— (© Vit 1)]T)?
= exp {; Lite<y [ —— - O t@fl)l ] } t>0.

Under P, the random variables X;, — X;, |, £ > 1 are, given O, conditionally independent Gaussian
random variables with mean ult, — (© V t,_1)]" and variance t;, — t;,_; for every ¢ > 1. Because
Zp(©) = 1, probability measures P and PPy are identical on Gy = 0(©), and P{O € B} = P{0© €
B}; therefore, © has also zero-modified exponential distribution with the same parameters p and
A under P. Thus, P has the same properties as the probability measure in the description of the
original problem. In the remainder, we will work with P constructed as above.
Let us define the conditional odds-ratio process

P{O <t|F} ExlZt(©O)ljo<iy | Ft] EoolZi(O)le<y | Fi]
P{O>t|F} ExlZi(®©)liosn | F] (I —ple N ’

where the second equality follows from Bayes theorem and the third equality from

(2.3) EoolZ4(0)1 051y | Fil = Poc © > t | Fi} = Poo{© > 1} = (1 — p)e ™, ¢ >0,

(22) B = t>0,

because, on the event {© > t}, we have [t — (O V t;—1)]T = (ty — ©)" = 0 for every £ > 1 and
t; < t, and therefore,

(2.4) Zi(©) o>ty = l{osn Po-almost surely.

In the appendix, we prove that the conditional odds-ratio process ® = {®;; ¢ > 0} has the dy-
namics . Because for every n > 1 and t,,—1 < s < t,, wehave Fs = F;, _, = o{X¢,,..., Xt -1},
and AX,, = X;, — X;, , is independent of F;, | under P, the dynamics in ensure that
Ewolf(®t,t) | Fs] = Eco[f(Pr,t) | Fr,, 1] = Boo[f (P4, 8) | @1,y tn—1] = Eco[f (P, t) | P, 5] for every
t > s and bounded Borel measurable function f : [0, 00) xR +— R, and the process {(®y, t), Fy; t > 0}
is a (piecewise-deterministic strong) Markov process under P.,. Proposition below shows that
the sequential detection problem reduces to a discounted optimal stopping problem with running
cost ¢ — ¢ — A/c for the conditional odds-ratio process ®.

Proposition 2.1. The Bayes risk equals R:(p) = 1 —p+ (1 — p)cEy [ : _/\t( ¢ — %) dt] for
every p € [0,1) and 7 € S. The minimum Bayes risk equals R(p) =1 —p+ (1 —p)cV(p/(1 —p))
for every p € [0,1), where V (-) is the value function of the optimal stopping problem

(2.5) V(¢) = inf EZ UOT ((I)t — A) dt] $>0

for piecewise—determim’stic strong Markov space-time process {(®¢,1); t > 0} of conditional odds-

ratio process ®, and E 18 the expectation with respect to IP’ o0, Which is Pog s.t. &g = ¢ a.s.

The proof is similar to that of Bayraktar et al.’s (2005) Proposition 2.1. In the remainder, we
solve the optimal stopping problem in . The solution method reduces the continuous-time
optimal stopping problem to a discrete-time optimal stopping problem by means of suitable single-
jump operators, which take advantage of the special structure of admissible stopping times. The
solution is presented in Sections [4] and [] after jump operators are introduced. In the next section,
we first characterize the stopping times in the collection S.
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3. THE CHARACTERIZATION OF ADMISSIBLE STOPPING TIMES

Recall that every admissible stopping time 7 € S is a stopping time of observation filtration F =
(F})>0 defined by . The main result of this section is Theorem and implies that every stop-
ping time 7 € § is essentially a discrete random variable, and the original optimal stopping problem
can essentially be solved in discrete time. Let . = {A € F; An{r <t} € F; for every t > 0} and
Hr =0 (thl{tkST}’ Ligp>rys k2 0) generated by those observations Xy,, X¢,, ... before time 7.

Proposition 3.1. We have F. = H, for every T € S.

Proof. (2) Clear. () Fixany A € F and write 14 = Y 2% g 1alyy, <repy, 3 +1al{r—1 o0} For every
E>0, An{ty <7 <tpp1}={ty <7}NU 2, [A N {T <tpy1 — %}] belongs to F, because {t; <
T} € Fy, and AN {7‘ <ty — %} € Fiy.1—1/n = Ft,- Then there is a Borel function fj : RT‘I —
{0, 1} such that 1alyy, <repp 1y = fe(Xtgy - -+ Xty )1t <7<ty ) fOr every k > 0, which is H,-mble be-
cause fk(Xt()a e )th)l{tk§7—<tk+1} = fk(Xtol{tggr}a R ’thc1{tkST})1{tk§T}1{tk+1>T} is measurable
with respect to o (X¢,1g,<ry, Ligysrys £=0,1,...,k+1) C H,. Similarly, 14l oy € Hr. O

Theorem 3.2. Let 7 be an F = (F)i>0-stopping time. Then there is a nonnegative Fy, -measurable

random variable Ry, for every n > 0 such that

(1) Tl <r<tnny = (tn + RBo) g, <r<tnind)s

() (T Atn1) i, <ry = [(tn + Bn) At <7y

(ZZ’L) {7’ > tn—i—l} = {RO >ti,t1+ Ry >to,...,th + Ry > tn+1},

(i) {tn <7 <tup1)={Ro>ti,t1 + Ri >tor ... ,tu_t + Rt > tutn + Rn < tns1 ).

Let N :=1inf{n > 0; t, + R, < tpt+1}. Then N is an (Fy,)n>0-stopping time, and

(v) T = (tn + BN)l{Neoo} + 0 Lin—toc}

Proof. Let T be an (Fi)¢>o-stopping time. Since 7 € F; = H., there is a Borel function f
such that 7 = f(Xtol{toﬁT}v 1{t0>7'}a Xt11{t1§7'}7 1{t1>7'}7 cee 7th1{tn§7'}a 1{tn>7’}7 . e ) For all n > 0,
Tl{tn§7'<tn+1} = f(Xt()a Oa th ; 07 s 7tha 07 Oa 1> 07 1. ')1{tn§7'<tn+1} = [tn + Rn]l{tn§7'<tn+1} and

(T A tn+1)1{tn§7} =Tl <r<tnm}y Tttt l{roe, ) = [(tn + Rn) A t"+1]1{tnST}

in terms of 73, -mble Ry, := [f(Xy,0, X4, 0,00, X4,,0,0,1,0,1..) =tn]lg, <retniy +00 Lt}
Then 714, <7<t} = (tn+Ra) s, <7<t} and (i) and (i) follow. By (i), {t, <7 <tp41} = {tn <
T <tpt1,T=tn+Rp} C{tn <7} {tn+ Ry < tny1}, and since Ry, >ty 11—ty on {7 > t11}, we
have the converse inclusion {t, < 7}N{t,+Ry, < tpnt1} = {tn < T} {tn+ Ry < tnp1 J{7 < tpy1} C
{tn <7} {7 <tpsy1} ={tn <7 <tpnt1}. Hence, {t, <7 <tpy1} ={tn <7} N{tn + Ry < tnt1},
which proves the first equality in (iv). As a consequence, {7 < t;} = {to < 7 < t1} = {tp <
T} N {Ry < t1} = {Ro < t1}. Therefore, {r > t;} = {Rp > t1}, and (iii) holds for n = 0. Suppose
that (iii) holds for some n > 0. Then by the first equality of (iv) (after n is replaced with n + 1)

{T > tpso} = {7 > tnr1 ) \ {7 > tng1, 7 < tpyo} = {7 > tnt1} \ {7 > tus1, tny1 + Rnt1 < tni2}

= {T 2 tn—f—l} N {tn—f—l + Rn+1 2 tn+2} = {RO 2 tla e 7tn + Rn Z tn+17tn+1 + Rn+1 Z tn+2}7
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which proves (iii). The first equality in (iv) and (iii) give that {t, <7 < tp41} ={7 >t} N {t, +
R, <tny1} ={Ro>ti,...,tn—1+ Rp—1 > ty} N{tn, + Ry < tp+1}, which proves (iv).

Since R,, € Fy, foralln >0, N =inf{n > 0; ¢, + R, < tp41} is an (F;, )n>o-stopping time, and
{N=n}={Ro>t1,...,tn1+ Rn—1 > tn,tn + Rp < tpnt1} = {tn <7 <tpp1} and {N = +o0} =
{Ro > t1,t1+Ry > tg,...} = {7 = +oo} by (iv), which imply 7 = > 7% 71 <rer, 1)+ T rm00} =
> omeo(tn + Ry) 1 ny=p) + 00 Iiny—oe} = (tN + BN)1{Ncoc} + 00 I{n=cc} by (i). This proves (v). O

The next proposition shows that (v) of Theorem [3.2f also has a converse.

Proposition 3.3. For eachn > 0, let R,, be an a.s. nonnegative F, -mble r.v. Define N := inf{n >
0; th+ Ry < tpi1} and 7:= (tNy + BN)l{Ncoo) 00 I{n=toc}. Then 7 is a (Fy)i>0-stopping time.

Proof. Fix t > 0. Then ¢, <t < ty41 for some m > 0. Since R,, € F;, forn > 0, {r < t} =
{N <oo,ty+ Ry <t} =Urg{to+Ro>t1,....tae1 + Ryt > to, ty + R < tugr } U{to + Ro >
thy . stme1 + Rm—1 >ty tm, + Ry, <t} € F,, = F, and 7 is an (F;)i>o-stopping time. d

4. THE SOLUTION AT OBSERVATION TIMES

Let ¢(+,-) and y(+,-,-) be as in (1.2]) and define for every bounded function w : Ry — R operators

(4.1) (Jyw)(At,¢) = inf (Jw)(At, ¢,y 1), At>0,¢>0,0<y<AL
TZY

At —At A — AL
42 oo = [ (plt0) = )t + Ly (e KA 0), 7 2
Yy

& exp{—22
(4.3) (Kw)(At, ¢) = /_ w(g(At,qs,z))Wdz.

Let us pretend that we have not raised an alarm until ¢,,. Suppose also that we are told the value
w(¢) of the optimal policy if ® has not been stopped until time t,11 and equals ¢ at time t,41.
Given history F;, of observations until time t,,, we want to know if stopping before t,,+1 or waiting
at least until ¢,,11 is the best. If 7 is an (F;)i>o-stopping time such that 7 > ¢, (Px-a.s.), then
optimality principle suggests that the conditional expected total remaining cost given F;, equals

Thtns1 —A(t—ty) A “AAtni1
Es e D, p dt + 1{72tn+1}6 w(@tnﬂ)
tn

]—'tn]

in time-t,, monetary units. On the one hand, by Theorem (ii) and (iii), there is a nonnegative
Fi,-mble r.v. R, such that Poo-a.s. TAtp+1 = (tn+Rp)Atny1 and {7 > tp41} = {tn+Rn > thi1},
since 7 > t,, (Px-a.s.). On the other hand, the dynamics in (|1.2) of ® imply ®; = ¢(t —t,, ®4,,) for

every t, <t < tny1 and @y, = j(Atpy1, Py, ﬁ%)' Therefore, the conditional expected total

remaining cost given F;, can be rewritten as

(tn+Rn)/\tn+1 )\
A (ot — b, By, ) — =) dt
/tn € <()0( mny tn) C>
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AAXnJrl

+ Lt Rzt Eo [w (J (Atnﬂ? ¢ ﬁ)ﬂ ‘qs ®
n—+ —Fin

RnAAtn+1 )\
= /0 M (Pt @1,) = 2 )dt 4 L 1 00) (B)e 40 (Kuw) (A, @,)
- (Jw)(Atn-‘rla (I)tna 07 Rn)a

because R, and ®, are F; -measurable, and AX,,1/v/At, 1 has standard Gaussian distribution
independent of F;, = o(Xy,, ..., Xs,) under Po. Thus, the minimum conditional expected total
remaining cost given F3, is obtained by taking the infimum over the collection of all (F;)¢>o-stopping
times 7 such that 7 > t,, (Px-a.s.), or equivalently, over all F; -measurable nonnegative r.v.’s R,:

TES: T>t, a.8.

TAtn+1 N A A
g nl oo [ / e (‘I’t - g)dt + 1>, e t”“w(@tm) )Ftn}
= o inf (Ju)(Atsr, 0, Rn) = [;gg (Jw)(Atni1,6,0,7)] \¢:¢tn = (Jow)(Atpy1, ).

Thus, (Jow)(At, ¢) can be thought as a dynamic programming operator (namely, Jy) applied to
a continuation function w(-) in order to determine the best decision, based only on the currently
available information ¢, before At, at which time new information arrives.

Let us define optimal stopping problems

Y = ess inf Eo [/T e~ Mt—tn) (<I>t — %)dt‘ftn},
tn

TES,
(4.4) L
94 = ess inf Eoo[ / M At <<I>t— %)dt‘}}n]
TES, tn

obtained from the original problem in ({2.5) by allowing stopping only in [t,,00) and [ty, t,], re-
spectively, based on observation history F;, until time ¢, for some 0 < n < m, where

Spi={r€S8; 7>t Pyx-as.}, n>0 (So=35)

is the collection of all F-stopping times which are Py-a.s. greater than or equal to ¢,, n > 0. By
Proposition for each n > 0, ~, can be pathwise approximated well by the elements in the tail
of the sequence (%(Lm))mZn, and by Theorem 4.3|each 'y,(lm) coincides Py-a.s. with vf{”)(cbtn), where

vﬁ,T)(qZ)) =0 for every ¢ > 0 and m > 0,
(4.5) () (m) -
vy (@) Jov, 1) (Atyi1,6) for every ¢ >0and 0 <n <m — 1,

and (vém)(@)tn))mzn gives pathwise a sequence of successive approximations to -, for every n > 0.

For the proof of all of the major results in the remainder, we will need Lemma about important

properties of dynamic programming operator J,, and its proof is in the appendix.

Lemma 4.1. For every At > 0 and 0 < y < At, the followings are true.

(i) If w(-) is bounded and w(-) > —1/c, then —1/c < eM(J,w)(At,-) < 0. If w(-) is also
nondecreasing, concave, and continuous, then so is (Jyw)(At,-), and there exists some
finite ¢(At,y) such that (Jyw)(At,¢) =0 for every ¢ > ¢p(At,y).

(ii) If wi(:) and wa(-) are bounded and wi(-) < wa(-), then (Jywi)(At,-) < (Jyw2)(At,-).
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(iii) If ws(+) and wy(-) are bounded, then

sup | (Jyws) (A, ¢) — (Jywa)(At, ¢)| < e > sup [ws(¢) — wa(e)].
$>0 $=>0
(iv) If w(-) is bounded and nonpositive, then for every At >0, ¢ >0, and 0 < y < At,
(4.6) y = (Jyw)(At,¢) = nf (Jw)(At, d,y,7) = Il[fligt](Jw)(At7¢,y,T)
rzy re

is continuous, and infimum is attained since r — (Jw)(At, ¢, y, 1) is lower semi-continuous.
(v) If for some 0 < yp < y1 < At and ¢ > 0, we have (Jyw)(At, ¢) < 0 for every yo <y < y1,

then (Jyw)(At, ¢) = [ e (p(u, @) — 2)du+ (Lw)(At,¢) yo <y <z <y
Proposition 4.2. For every fited n > 0, the sequence (%(Lm))m>n converges Pyo-a.s. to v, as

m — 0. More precisely, Poo-a.s. 0 < ’yr(Lm) — 7 < (1/c) e AEm=tn) for every 0 < n < m.

Proof. Fix 0 <n <m. Forall T € Sn, T Atm € Sy and v, < Eo [fTAtm AUt (@ — 2)dt | F, ).
Then Poc-a.5. 7 < 7™ But E&[ [ e -t)(@,—2)dt|F, | > B[ [T e A-tn) (@, —2)dt| F, | -
2 LO: e M=t qg > 'y?(l m) _ le “Altm—tn) Taking the infimum over 7 € Sn completes the proof. [

Theorem 4.3. For every 0 < n < m, we have

(Z) V’r(zm) = Ur(zm) ((I)tn)a Pe-a.s.,
TNAtm by
g (m) ._ —A(t—tn) _ — (m)
(44) v Tlélgn Ewo [/tn e (<I>t C)dt] Eooy ™.

For every e > 0, let R,(n m) — =0 and R(m) = R(m)(Atn+1, ;) be a nonnegative real number such

that (JU£L+)1)(Atn+1,<I>tn,O, R%,E)) < (Jov,([i)l)(Ath,CI)tn) + ¢ for every 0 < n <m — 1. Then for
(m)

every 0 <n <m, Ry, 1s a nonnegative Fi -measurable random variable, and

by + R, if RUY, < Aty

7'7(:?) = (m) esS,
Tn+1,z—:/2’ Zf Rn E&/2 = = Atn"’l
is e-optimal in the sense that
TT(LW;)/\tm )\
(i) A e > B / e A(t=tn) (@t 2 dt‘]—}n}, Poo-a.5.,
tn c

(1v) v 46> Ey

Proof of Theorem [[.3. Note that %(nm) = 0 (Px-a.s.), Uﬁnm)(q%m) = = 0, and Ty(nn,? = tm-
Therefore, the theorem holds for n = m. Suppose now that the theorem holds for some 0 < n < m,
and let us prove that it also holds when n is replaced with n — 1.

(1) Fix any stopping time 7 € S,,_1. By Theorem (47) there is a nonnegative Fi,_,-measurable
r.v. R,_1 such that 7 A t, = (t,—1 + Rp—1) A tn, and the dynamics in of ® implies that
Dy = p(t—tp—1, Py, ,) for every t,—1 <t < t,. Therefore, Exo[f, T/\tm e At=tn- 1)(<I> —2)dt| Ry, ] =

(rvtn)/\tm

- [/Tmtn o N—tn1) (g, %)dt n 1{7—2tn}€_/\AtnE°°{ / e A=) (@, — %)dt‘ftn}lftn,l]

th—1 tn
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TNtn
> Eoo| / Sl O %)dt + g ge Y 200m (@)

tn—1

Fiuca)

because (7Vi,) € Sy, and Eoo{ [, (Vi )AL o=A(t=tn) (H, — 2\dt|F, b > A = u{™ (@) by induction
hypothesis. By Theorem. i1) and (4i7), there is a nonnegative F;, ,-mbler.v. R,_; such that Ps-
a.8. TAtp = (tn—1+Rn_1)Atn and {7 > t,} = {to+Ro > t1, ..., tn1+Rn_1 > tn} = {tn_1+Rn_1 >
tn} because 7 € S,,—1 implies Po-a.s. Q ={17 > t,1} ={to+ Ro > t1,...,tn—2+ Rp—2 > tn_1}.

Since ;, = (Atn, By, B35 by (1.2), Bacl 77 e A0 (@, = 2)at| 7, ) =

Ry 1N Aty )\
X\t A AAt, (m)
/0 € <@(t7¢)tn71) C)dt+ l{Rn—IZAtn}e E |: ( <Atn7¢a m))} ‘¢ (I’t .
(4.7) = (Jo/™) (At ®r, 0, Rp_1) > (Jov™)(Aty, @y, ) = 0™ (@),

’VL

because R,_1 and ®;, , are F;, ,-mble, and AX,/\/At, has standard Gaussian distribution in-
dependent of 7, |, = 0(Xy,, Xt,,- .., Xs, ,) under Po,. Taking the essential infimum of both sides
over 7 € §,—1 gives that Po-a.s. 7( )1 > v( ™) 1(®¢,_,). To show the reverse inequality, recall that

n—

m

) (m)
(m) tn,1+Rn_1,£/2, it R, 1E/2<Atn,
Tl ) (m)
Tne)2) it R, 1/2>At
isin S,,—1, where Rilm)l e/2 > ( is such that (Jv,(Lm))(Atn,q)tn 170 R; )1€/2) (Jové ))(Atn,q)tn_l)—k
/2. Moreover, 775 ia/\t = (tn— 1—|—R£L )15/2)/\t and{ 18 >t} = {Rn Le/2 2 Aty }, on which
(m)

r") = 1), € Sy Then o) < Bug[f7 " e Me—tun) (@, — 2)ar| 7, ] =

(tn1+R™) _p) At A
/ 1,e/2 e—)\(t—tn—l) ((p(t —tpot1, (btn—l) _ *)dt
C

tn—1
T(m)/g/\tm A
e AR “At—ta) (@, — 2
R A CRE L

R™ _ AAt
n—1,e/2 "o A m — m
< /0 (@1, 1) = 2 )t + L, o0 (B L o)A B [0 (@4,

5
ftn71:| + 57
T(m> Nm
where Eoo{ [, "/ e At=tn) (@, — 2)dt | Fp,} < %(l ™ 4 e/2 = v(m)(fbtn) + ¢/2 by induction

hypothesis. Since ®;, = j(At,, Py, ,, éﬂ by (1 , and &, , and RiL )1 /o Are Ft,_,-mble,

7™M < /OR; e e M (cp(t, Dy ) — %)dt
i () 0 S, 5

RSH)l S/QAAt" 2 A m) AA
= /0 e_ t (@(t CDtnfl) - E)dt + 1[Atn,oo) (Rn_17€/2)€_ tn (Kvém))(Atn, (btnfl) +

m £ m
= (va(zm))(Atm (I)tn—lvov Rn—)l /2) + 5 < (‘]Ovr(zm))(Atm (btn—1) +te=v 7)1((1)%—1) +e.

€ n

Because € > 0 is arbitrary, we conclude that 7,(1"_1)1 = Unnj)l(<1>tn_l), which proves (i) for n — 1.
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(m)
In the meantime, Eq| t"_ll o e A=tn-1)(@, — 2)dt|Fy, ] < vén_l)l(@n,l) +e= ’y(nj)l + ¢, and

n
taking expectations proves (i7i) and (iv) for (n — 1) and that stopping time TT(LTLE is e-optimal.
(73) Let us finally prove (ii) for n — 1. By (iv) that we have just established for (n — 1),
#(m)
we obtain ng)l < Eoof tn" 115/\tm e AM=tn-1) (P, — %)dt] < Eoo,, (m) + ¢, and because € > 0 is
(m)

arbitrary, we get v, | < Eoo’y(”f)l. For reverse inequality, take expectations in and obtain

n

Eoo[f7 N e Mttt (@, — 2)dt | Fiy )] > Boo[ol™) (@1, 1)] = Booy(™ for all 7 € sn 1. Taking

tn—1
mﬁmums over 7T € Sn,1 giV@S VT(LT:L)l Z Eoo’}/(m)

»—1, which proves (i) for n — 1, and the theorem. O

The next corollary follows immediately from Proposition and Theorem and shows that
the value function V(¢) in can be approximated successively by the elements of the sequence
(v(()m) (¢))n>0. The explicit uniform bound on the approximation error allows one to determine the
least number of iterations sufficient to obtain any given level of accuracy.

Corollary 4.4. The value function V (-) of the original optimal stopping problem in can be
found in the limit by V(®g) = 70 = limm—oo fy(()m) = limy, o0 v(()m)(®0), where the convergence
is uniform in ®g. More precisely, we have 0 < V(¢) — v(()m)(d>) < %e‘”m for every ¢ > 0 and
m > 0. For every e > 0, let M(¢) := min {m >0; bty > ln 0—1&_} Then the (Fi)i>0-stopping time

7514/(26/2)) Ntnr(es2) € So is e-optimal for the problem in ; namely,

(M(£/2)

0<vie) -4 [

)/\tAI(E/Q)

e M (‘I)t - %)dt} <e for every ¢ > 0.

Proposition shows that, for every 0 < n < m and € > 0, the e-optimal stopping rule ’7'7(:?) of
Theorem admits a simple characterization of the same form as in the general characterization
of all (F;)¢>o-stopping rules described by Theorem and Proposition

Proposition 4.5. For every 0 <n <m—1 and e > 0, let 7'7277;) and Rg@) be as in Theorem .

Define ngh m) =min{n < k < m; R,(ﬂ E)/Qkﬂ,n < Atgy1}. Then NT(L?) is an {n,n+1,..., m}-valued

(Fty ) k>0-stopping time, {t; < Té,g) <tgy1} = {N,S?;) =k}, and

Tne’ =y +RNW /N +1n (t’“ * Bz "> k=N
PTOOf Since 72 = Tgﬂ 6/2 on {Tne > thy1} = {Rn a/2 > Ay}, we have {r > 61} =
(R 2 2 Atn+1} NNz n+2{ n+16/2 >t} = ... =2 n{RK a/zu1 w2 Atea}, forn 1<k <m
forn <k <m—1; e = tk‘i‘Rl(:El)/Zk-&-l—n on {ty < Tl < tpy1} = {N}L@ =k}forn <k<m. U

Theorem generalizes Corollary The theorem shows that the minimum conditional ex-
pected remaining Bayes risk at ¢, given the past observations F;, equals Po-a.s. v, = v, (Py,),

(

where v, (-) is the limit of its successive approximations (vnm)(-))mzo as m — oo. Because the

(

convergence turns out to be uniform, the error in the approximation of v, (¢) by vom)(<b) can be
made arbitrarily small simultaneously for every ¢ > 0 if m > 0 is chosen sufficiently large.
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Theorem 4.6. For every n > 0 and ¢ > 0, the sequence (vglm)((;ﬁ))mzo is decreasing, and the

pointwise limit vy, (P) 1= limy, 00 Uﬁlm)(gb) exists and is uniform in ¢ > 0. More precisely,

1
sup |vn(¢) — 0™ ()| < = e A=) for every 0 < n < m.
$20 ¢

(

The functions ’Unm)(-), 0 <m < n and vy,(-), n > 0 are nondecreasing, concave, continuous, and
bounded between —1/c and 0. Moreover, for every n > 0, we have vy, () = (Jovp+1)(Atpt1,-), and

T A
TYn = Un(q)tn)7 Py-a.s. and vy, := lenSf Ex |:/ G_A(t_t") (@ - *)dt] Eoo¥n.-
T n tn

For every n > 0 and € > 0, let M,(¢) := min {m >n; ty —ty > %ln ?15} Then the (Ft)e>o0-

stopping time T(AEJ72(5/2)) Ntu,(e2) € Sn, defined as in Theorem is e-optimal for the problem
inf,es, Rr(p) =1—p+(1 —p)cho[fg" e M(dy — %)dt—i— e Mny,] of the minimum Bayes risk if an
alarm has not yet been raised before time t,,; namely,

(Mn(e/2

T Dnt
n,e/ Mn(e/2) )\
Yo+ e > Eo [/ : N0 (9, Zat| 7]
tn ¢

Proof. For every m > 0, because vfnm)(-) 0 € [-1/¢,0] is bounded, nondecreasing, concave,
and continuous, Lemma |4.1{ (i) implies that ol )( -) is bounded between —1/¢ and 0, nondecreasing,
concave, and continuous for every 0 < n < m. Moreover, for every n > 0, the sequence (v,(L ™) (1))m>n
is decreasing. To see this, note that for every m < p we have v(p)() <0= v,(qT)(-). Suppose
vﬁlp)() < v(m)() for some 0 < n < m. Then by Lemma ( i) T(Lpzl(-) = (Jov,(lp))(Atn,.) <
(Jov,(lm))(Atn, )= vfﬁ)l(), and an induction on 0 < n < m proves that v,&p)(-) < v,(lm)(-) for every

0 <n <m < p. Thus, the limit v,(¢) := lim;, 0 vflm) (¢) exists for every ¢ > 0 and is bounded
between —1/c and 0, nondecreasing, and concave. For all 0 <n <m < p, by Lemma (iii)

sup [vn () — 0™ (6)] < sup [P (§) — o™ <>|—sup|<Jovnll><Ath,¢> (oo™ (Atni1, 6)|
>0 #>0 o>

< e Mtnsup [uf) (9) = o) ()] = e At sup [vP) ()] < L A tnmto),
=0 =0 ¢

Hence, the sequence (vq(lm) (¢))m>n of continuous functions converges as m — 0o to vy (¢) uniformly

in ¢ > 0, and v,(-) is also continuous for all n > 0. Moreover, v,(-) = (Jovp+1)(Atp1,-) for

all n > 0, since v,(¢) = infmZn(Jov,(Ln_l)l)(Ath,(b) = infp,>, inf,>g (Jvé”l)l)(Ath,(ﬁ,O,r) =

infs0 fmsn (JOU)(Atyr, 6,0,7) = infrso (Juppr)(Atpgr, 6,0, r) = (Jovns1)(Atys1, 8), by

the bounded convergence. Finally, by Proposition and Theorem (4.3} v, = limy, o0 v(m)(cbtn)

Un(®@y,). For 0 <n <mand 7 €S, we have TAt,, € S and v, < E [fTAt’" —A(t—tn) (@ — 7) dt],

and taking the infimums gives v, < m(bm) =E 7(1 m) by Theorem 3l Taking limits as m — oo glves

Vn < Eooyy since %(Lm) — Yp as m — 00, Pyo-a.s. uniformly across sample-paths by Proposition
For the reverse, 7, < Eo [ftz e~ At—tn) (® — A) dt | F,] for all T € S,,, and taking expectations and

infimum over 7 € §,, gives Exoyp, < infres, Exo ft e~ Mt=tn) (<I>t — %) dt] = vy, and v, = Exoyp.

According to the first parts of Proposition [2.1] and Theorem if an alarm has not yet been
raised before time t,, then inf,cs, R-(p) = 1 — p + (1 — p)cEx]/, bn =M (p, — )dt + e My,
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Theorem [4.3 (iii) with m = M, (¢/2) implies

T M Nt (e 2

Eoo| e—M*4ﬂ<®t—-%)d4f%]f;w?“@””-%g

tn

5. THE SOLUTION BETWEEN OBSERVATION TIMES

If detection alarm has not been raised until time ¢ > 0, then one faces optimal stopping problems

T A
~(t) := ess inf E [/ e Mu—t) (@u — —)du‘ft}, t>0,
TES(1) t c
(51) TNt A
'y(m) (t) := ess inf Ey [/ e Mu=t) <<I>u — —)du‘]—}], t>0, m>0,
TES(1) ¢ c
where S(t) = {7 € S; 7 > t,Py-a.s.}. Note that S, 'yT(Lm), and 7, of Section |4| are the same as,
respectively, S(t,), Y™ (t,), and v(t,) for every 0 < n < m. Theorem below shows how the
solution and e-optimal stopping rules between observation times can be easily identified after they

are first found at observation times as described in Section @l

Theorem 5.1. For every 0 <n <m and t, <t < tyy1, we have

(1) v(m) (t) = e’\(t_t")(Jt_tnviT_)l)(Ath, ®, ), Ps-a.s.,
TNAtm )\
@ 0= e B [0 (8- D] ~Ear)

where (v,gm)('))ogngm are the successive approximations calculated by . For every m > 0 and
0 <t < tm, we have Pog-a.s. —1/c <~ (t) <0, and —1/c < v™)(t) < 0.
For everye >0, m >0, and 0 <t < t,,, let Rgm) (t) =0 and Rgm) (t) = Rgm) (t, Atyy1,Dy,) be a

real number greater than or equal to t — t, such that
(Jo) (Atnr, @, t = b, RV () < (it 0, 11) (D, B,) e - N,

if th <t <tnyy for some 0 <n <m. For everye >0, Rgm) (t) is a nonnegative r.v., which is F,,

measurable if t = t,, and Fy = Fy,, measurable if t, <t < t,41 for some 0 <n < m. Moreover,

tn+R™ (), if R(t) < At

Tntle/2 if R (t) = Atnga

is e-optimal in the sense that, if t, <t < ty41 for some 0 < n < m, then

(i17) Y™ () + & > Eoo [/Tsm e e Au=t) (fbu — %)du‘ft}, Poo-a.s.,
t
(iv) VM (t) + & > Eu {/f"’)(t)mm e AUt (@u - %)du]

R,(J?Z) and TY(L?) of Theorem are the same as Rgm) (tn) and TE(m) (tn) for all0 <n <m, e>0.
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The proof of Theorem is similar to that of Theorem and is omitted. As expected from
Proposition and Theorem y(t) is Poo-a.s. limit of 4(™)(t) as m — oo and is related to
vp(+), if t, < t < tpyq for some n, through the dynamic programming operator J,. For each
t > 0, the convergence is uniform across the sample path realizations, and the explicit bound on
the approximation error helps one determine e-stopping times.

Proposition 5.2. For every fited n > 0 and t, <t < t,41, the sequence (7" (t))msn converges

_)\(t’m

Poo-a.5. to y(t) as m — oo. More precisely, Pog-a.s. 0 < v (1) — ~(t) < le ~tn) for every

0<n<mandt, <t <tpy1. For everyn >0 andt, <t <t,i1,

V() = ATy v 1) (Atyg1, By),  Pog-acs.,
T A
t):= inf ]EOO[/ (@, - 2 du] = B ().
V= Bl e c) 2] = Bt
If My, (¢) is defined for every e >0 and n >0 as in Theorem then for every t, <t < tp41 the
F-stopping time 7'5(%"(5/2))@) Nt (e/2) € S(t) defined as in Theorem is e-optimal for

t
A
: 1 _ _ —Au N —At
(5.2) Tégft) R:(p)=1—p+ (1 —p)cEx [/0 e (@u C)du +e ’y(t)}

of the minimum Bayes risk if an alarm has not been raised before time t; namely,

(Mn (e/2))
T, O, (e /2) A
v(t) +e > Ex [/ a e~ Mu—t) (@u - E)du’]—}}.
t

Proof. Fix n > 0 and ¢, < t < t,41. For every 7 € S(t) and m > n, we have 7 A t,, € S(t)
and y(t) < Ex [fT/\t’" —Au—t) (Py — f) du | F;]. Hence, Py-a.s. 'y( ) < 4™(t). We also have

IE [f] e Me=D(@, — 2)du|F] > Exo[f, T = Au=t)(p,, — 2)du|F] - ft e A= dy, > 4 M) () —

le e Atm=t) > ~(m )( t)—Le e Mtm=tn) Taking essential infimums over 7 € S(t) gives the first inequal-

ity of the proposMon which shows that (™) (t) converges uniformly and Py.-a.s. to y(t) as m — oo.

By Theorem . soma.8. Y(t) = limy, 00 A(m )( t) = limy, 00 e)‘(t’t")(,]t £,V SIT)I)(Athrl,(I)tn) =
eMt=tn) (], _ tnvn+1)(Atn+1,¢tn) by the bounded convergence and Theorem [4.6) . Since for every
T € 8(t), we have v(t) < Es [ [ e A (9, — 2) du| 3], taking expectations and infimums over

7 € S(t) gives Eooy(t) < v(t). Since (7™ (t))m>0 converges uniformly to v(t) as m — oo, we have
Fooy(t) = limy, 00 Booy™ () = limy, 0o "™ (t) > v(t) by Theorem (ii). This proves (7).

By the first parts of Proposition and Theorem if an alarm has not yet been raised before
tp, then minimum expected risk becomes inf¢cs, R, (p) =1—p+ (1 —-p)cEx][/, Femhu(dp, — 2)du +

+(Mn(e/2))

e My (1)] Theorem. (iii) with m = M, (¢/2) implies that Ex] [, Te/2 (D, —
)du|]:t] < AMn(e/2)(3) +5 <)+ 5+ 5 = (t) + €, where the last inequality follows from the
first part of the proposmon. Taking expectations gives the last inequality of the proposition. [

)Nt
( ) Mnp (g/2) ei}\(u

Remark 5.3. We can write more compactly that Py-a.s.

Z Uty i) D™ (i 0n 1) (Abngr, ), £ 0,

n=0

m—1

= 3" 1ty O (T 0T (Atyir, 1), 0 <t < by, m> 1,
n=0

(5.3)
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o
the mappings ¢t — (Ji—t, vn+1) (Atpt1, Py, ) and t — (Jt_tnv£+)1)(Atn+1, ®, ) are continuous on the
interval ¢ € [tp,tn,+1] by Lemma (iv). Therefore, the processes in (|5.3) are RCLL versions of

{y(t); t >0} and {y"™)(t); 0 <t < t,,}, m > 1, and we work with those in the remainder.

For every 0 < n < m, because the functions v,41(-) and v, (-) are bounded and nonpositive,

The next theorem introduces alternative e-optimal stopping rules, which will later be character-

ized as simple first hitting times of process ® to suitable regions.

Theorem 5.4. The stopping times
(5.4) o™ (t) :=inf{s > t; Y™ (s) > —e}, €>0,0<t <ty m>1

belong to S(t), are Pog-a.s. less than or equal to ty,, and are e-optimal in the sense that 'y(m) (t)+e >
(m)

Eoolf* (DAt (A=t (p,, — Mdu|F). Particularly, a(()m) (t), 0 <t < tpm, m >1 are optimal in

(m)
the sense that v™ (t) = B[ [0 (OALm =X(u=t)(@,, — 2 du|F).

For the proof of Theorem we need the following proposition and its corollary, which are
proved in the appendix.

Proposition 5.5. For every m > 1, let M™(t) = 5 e N(D, — %)du + e M) (t) for every
0 <t < ty. Then MU(t) is integrable for every 0 < t < t,, under Pu, and Eoo[M™ (7 A

aém)(t))] = Eoo[M™) (1)] for everym >1,0<t < tp, 7 € S(t), and e > 0.

Corollary 5.6. The stopped process { M) (s A o™ (t),Fs; t < s < tn} is a RCLL martingale
under Po for everym > 1, 0 <t < t,,, ande > 0.

Proof of Theorem[5.]]. Because F ™ (t,,) = 0, we have t < aém)(t) < t,, for every m > 1,

0 <t < ty, and ¢ > 0. Moreover, optional sampling theorem and Corollary 6] imply that

(;f e (D, — A)dqu efxtv(m)(t) = MM(t) = Ego[M™ )(0€ (t ))( |)]:t} = Eo[f (t) e (D, —

f)du—i—e_ ol ()'y(m)( ( ))| F¢], which leads to 4™ (t) > Eoolf* () g=A(u= t)(®u—%)du|}}]—

since 7( i ( )) > —¢ and o )(t) —t>0. Flnally, taking the expectations of both sides and
1] (ii)

m)
Theorem give 1™ (t) = Eooy(™ () > By [f ) e=Aw=)(p,, — Mdu] — e. O

The stopping time o.(t) := inf{s > t; y(s) > —¢e} is e-optimal in infinite-horizon for all ¢ >
0, t > 0 by Theorem 5.7} Proposition[5.8] and Corollary [5.9) whose very similar proofs are omitted.

Theorem 5.7. The stopping times
(5.5) oc(t) :==1inf{s > t; y(s) > —}, €¢>0,t>0

belong to S(t) and are e-optimal in the sense that y(t) + ¢ > Eq [fas(t) —AMu=b(p, — 2)dul|Fy).

70(t) o =A(u— )(<I>u — E)du|]-"t], t>0.

Particularly, oo(t), t > 0 are optimal; namely, v(t) = Ex[,

Proposition 5.8. M(t ft (P, — %)du + e M~ (t) is integrable for every t > 0 under Py,
and Eoo[M (tm AT A O'E(t))] =Ex[M ( )] for everym >0, 0 <t <t,, 7€ S(t), ande > 0.

Corollary 5.9. {M(sAo.(t)),Fs; s >t} is a RCLL martingale under P for allt > 0, and e > 0.
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The process ¥(+) = limy, 00 (™) () can be obtained only in the limit, and optimal stopping times
oo(t) of Theorem . 7| are impractical. We can use successive approximations (™) (-) to define, in
light of Proposition [5.2] and Theorem [5.4] practical e-optimal stopping rules of Proposition [5.10

Proposition 5.10. If M,(c) is defined for all e > 0 and n > 0 as in Theorem |4.6, then for all
tn, <t < tpy1 the F-stopping time aé%"(s/m)(t) € S(t) defined as in Theorem |5.4) is e-optimal for
the problem of the minimum Bayes risk in if an alarm was not raised before time t; namely,

5 (Mn (/2)

AE) + € > Eao /t N (0~ 2)ae] 7).

6. THE STRUCTURE OF €-OPTIMAL STOPPING RULES

Here, we shall characterize e-optimal stopping time Uém) (t) of || for arbitrary but fixed m > 1,
e >0,0 <t <t, and c-optimal stopping time o.(t) of (5.5) for arbitrary but fixed € > 0 and
t > 0. Remark implies that (™) (s) = e’\(s_tf)(JS,tevéff)(AtgH, ;) for every 0 < £ <m —1,
S € [te, terr) and y(s) = e)‘(s_tf)(JS_QWH)(AUH, ®;,) for £ > 0,t > 0. Then
61) YM(s) > —e & (Jor oI (Db, @) > —ee 0 s € [ty tp01), 0< L <m,
‘ () > —e & (Jorves1)(Atpy1, ®y,) > —ee 2T s e [ty 1), £>0.
By Theorem (4.6, ¢ — vem)(qb) and ¢ — vy41(¢) are nondecreasing, concave, continuous, bounded
between —1/c and 0. Then (Js,tzvéﬁ)(AtgH,gb) = 02> —ee 67 and (Js_,v041)(Atgry, ) =
0 > —ee M=) for every large ¢ > 0 by Lemma(i), and the sets {¢ > 0; (Js— tévéfi)(AtgH, @) >
—ee A7)} and {¢ > 0; (Js_r,ve11)(Atgyr, @) > —ee M58} are not empty. Therefore,
m—1
S (5) =Y Ly, 0,0 () inf{g > 05 (Joo WO (Atpyr, ¢) > —ee T s € [0, 0],
(6.2) =0

Z 1[te t£+1 mf{(b > O ( s— teUngl)(Athrl, ¢) —86_/\(5_75[)}, S Z 0

are finite. Because ¢ — (Js_tlvéfl))(AtgH,@ and ¢ — (Js—t,ve41)(Ates1,¢) are continuous,
we have (J,_ tevéJri)(AteH,(ﬁgm)(s)) > —ge A5t and (Js—t,0041) (Atpy1, pe(s)) > —ee™ A(s—te) if
s € [tg, te41) for some ¢ > 0. Moreover, (/6.1) becomes
Y(s) > —e & By 20l (s), s € lteteen), 0S0<m—1,
"}/(3) 2 —€& -~ (I)tg Z ¢5(3)7 ENS [t57t€+1)7 L Z 07

which imply that e-optimal stopping rules aém)(t) in i and o.(t) in 1} can be written as

m—1
ol (1) = min {t < 5 <tmi D L) (9%, 2 9 () ), 0SSt
(6.3) o

oe(t) = min {s >t Z Litgto1)(8)Pr, > (;55(5)}, t>0.

£=0
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Proposition 6.1. For every m > 1, ¢ > and 0 < s < t,,, the sequence ((bgm)(s))mzl is

0,
increasing. Moreover, ¢z(s) = limy, 00 T ¢§m)(s) for every e >0 and s > 0.

Proof of Proposition 6.1 Since (vém))mzl is a decreasing sequence, which converges uniformly to
vp for £ > 0, we have qﬁgk)(s) < ¢§m)(s) < pe(s) for 0 < k <m —1and ty < s < ty41. Hence,
(gbgm)(s))mzl is increasing, and lim,, e gbgm)(s) < ¢c(s) fore > 0, s > 0. For the reverse inequality,
(Js—t,0041) (Atpy1, limpy, o0 qﬁgm)(s)) = limkﬁw(JS_tlvé]j_)l)(Atgﬂ,limm_>oo qﬁém)(s)) by dominated
convergence. Since ¢ — (Js_tgvéi)l)(AtgH,gb) is increasing and lim,, o (;ng)(s) > qﬁgk)(s), the
righthand side is greater than or equal to limk_wo(Js_tévé?l)(AtgH,qbgk)(s)) > —ge M=t and
0e(s) < limy, 00 gbgm)(s) This proves that ¢c(s) = limy,—eo qbgm)(s). O

Next we characterize optimal stopping boundaries gi)ém)(s), s >0 for all m > 0 and ¢p(s), s > 0.
For all fixed £ > 0 and m > /, we show that limgy, gbém)(s) = limgyy,, ¢o(s) = +oo. Moreover,
s qﬁ[()m)(s) and s — ¢o(s) on s € [ty try1) either strictly increase or first decrease and then
increase; in the latter case, they are strictly monotone wherever they do not vanish.

Assumption 6.2. Let At > 0 be a finite real number and w : Ry — R be a continuous concave
nondecreasing function, which is between —1/c¢ and 0, but does not identically vanish.

By Theorem M, vém)(-), 0<?¢<m-—1and v(-), ¢ > 0 satisfy Assumption Define
o(At,y,w) =inf {¢ > 0; (Jyw)(At,¢) >0},  0<y <AL

Then 6" (s) = ¢(Atgrr,s — te,v)]]) for s € [t ter1), 0 < £ < m — 1 and ¢o(s) = d(Atery,s —
te,vet1) for s € [tg,te11) and £ > 0, and the analysis of y — ¢(At,y,w) on y € [0, At) applies to
optimal stopping boundaries s +— gb(()m)(s), m > { and s — ¢o(s) on s € [ty,tp41) for £ > 0.

Proposition 6.3. Let At > 0 and w : Ry — R be as in Assumption[6.9 Then, for every ¢ >0
and 0 <y < At, we have (Jyw)(At, ¢) > 0 if and only if

¢>e NV <1+2) ~1
(6.4) o
L+ a)(At =) = (54 1) (€ = e 4 () (B0) 2 0

Therefore, for every 0 < y < At, the critical boundary ¢(At,y,w) equals inf{¢p > [e™ (1 +
DU A+ A —y) = (5 +¢) (7 — e 4 e (Kw)(At,¢) > 0}, and ¢(A,y) <

P(At,y,w) < G(At,y), where Q(Atf y) = [e (1L + 2) — 1T and ¢(At,y) = max{[e (1 + 2) —

1 1 —AYy__,—AAL 1 — At
UG+ =y temy — 1

Remark 6.4. One can find ¢(At,y,w) by a binary search on [¢p(At,y), ¢(At,y)] for y € [0, At).

Proof of Proposition[6.3. 0 < (Jyw)(At, ¢) implies that (i) f; e M (p(u, @) — %)du > 0 for every
y < v < Atand (i) 0 < [2eM(p(u,0) — Adu + e (Kw)(ALS) = (1+ )AL —y) -
( + %)(e‘ky—eiwt) + e M(Kw)(At, ¢). Dividing both sides of (i) by 7 — y and letting 7 | y
give ¢ > e (1 + %) — 1, and the inequalities in must hold. If ¢ satisfies , then since
u— @(u,d) > A/c is increasing, f; e (p(u, ) — %)du > 0 for every y < r < At. Together with
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(ii), we conclude (Jyw)(At,¢) > 0. The equivalent form of ¢(At,y, w) follows from (6.4). The
lower bound ¢(At,y) on ¢(At,y,w) follows from alternative form. Note that since w(-) > —1/c,
o(At,y,w) <inf{g > [eM(1+2)=1]%; (9+1)(At—y)—(3+¢)e W43 > 0} = ¢(Aty). O

Lemma 6.5. Let At >0 and w(-) be as in Assumption[6.4 Then (Kw)(At,¢) <0 for ¢ > 0.

Proof. Recall that j(At, ¢, z) in is given by , and lim|;| o 250 J(At, ¢,2) = oo and
limy, 00 uz<0 J(At, ¢, 2) = 0 by the monotone convergence and bounded convergence theorems,
respectively. Since w # 0 is increasing, there is some ¢ > 0 such that w(¢) < w(¢) < 0 for every
¢ < ¢. Then for all ¢ > 0, there is some z = Z(At, ¢) such that j(At, ¢, z) < ¢ for |z| > Z and zu <

-z [e'e} exp{—z2 n —Z exp{—2z2
0, and (Kw)(At,¢) < ([ + [Z)w((At, 6,2) 222z <w(e) [ 222 Pdz <00 O

o0

Lemma 6.6. Let At > 0 and w(-) be as in Assumption . For every ¢ > 0, there is some
y(¢) € [0, At) such that y € [y(¢), At) implies
R N A (Kw)(At, ¢)
<|l-+-)—————— -7 1 d (J, At, ) < 0.
o< (5+7) Tam— e EDEL and - (Jyw)(At,6)

Proof. Assume that there is some ¢ > 0 and some sequence (yn)n>1 in [0, At) increasing to At such
that ¢ > (% + %) %—e*ANW—l for every n > 1. Note that lim,, oo % =
e At s finite, and Lemma implies (Kw)(¢) < 0 and limy, 0 %ﬁ"m = —oo. Then taking
limits in the last inequality as n — oo gives ¢ > (% + %) Xe M 4 00 — 1 = 00, which contradicts

with the finiteness of ¢. Finally, (Jyw)(At, ¢) < 0 follows from the first part of Proposition[6.3] O
Corollary 6.7. Let At > 0 and w(-) be as in Assumption . Then limya ¢(At,y, w) = o0.

Proof. For every ¢ > 0, there is some y(¢) € [0, At) such that (J,w)(At, ¢) < 0forall y € [y(¢), At)
by Lemma and therefore, lim, yp, d(At,y, w) > ¢. Letting ¢ 1 oo proves the result. ]

Recall from 1} that fyAt e M (p(u, ¢)—2)du+e M Kw)(At, ¢) = (Jw)(At, ¢, y, At) for every
¢ >0and 0 <y < At. Since 8%(Jw)(At, Gy, At) = —eM(p(y,¢) — 2) = =1 — ¢+ (1 + 2)e™,
we can rewrite the equivalent form of ¢(At,y, ¢) given by Proposition as

¢(At,y, ¢) = inf {(b = 0; :y(Jw)(At, ¢,y, At) < 0 and (Jw)(At, ¢,y, At) > 0} -

Remark 6.8. The mappings (y,¢) — (Jw)(At, ¢,y, At) and (y,¢p) — 8%(Jw)(At, o,y, At) are
jointly continuous in (y, ¢) € [0, At) x R4. Because ¢(At,y,w) is finite by Proposition we have
for every y € [0, At) that ¢(At,y, w) > 0,

Yy ¢:¢(At’y7w)

Therefore, {(y, ¢p(At,y,w)); y € [0,At)} belongs to the boundary of the closed set
{0) € 0,805 L) 0.5.80 <0, (u)at6.a0 > 0]
Fix ¢ € R. Since y — ¢(y, ¢) is strictly increasing, y — a%(Jw)(At, ¢y, At) = —e (p(y, @)

on y € R changes its sign exactly once and from positive to negative at y = y.(¢) satisfying

o(y«(¢),0) — = =0 or y*((z)):ilnli;

C

A

C

e R.
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Hence, y — (Jw)(At, ¢,y, At) is strictly increasing on (—oo,y.(¢)] and strictly decreasing on
[y«(¢), 00) and has global maximum at y = y.(¢). Since %(Jw)(At, b,y, At) = — (1 + %) e ™M <
0, the mapping y — (Jw)(At, ¢,y, At) is also strictly concave.

Because ¢ — p(u,¢) and ¢ — (Kw)(At, ¢) are strictly increasing, ¢ — (Jw)(At, ¢,y, At) is
strictly increasing for every fixed y € (—oo, At]. Note (Jw)(At, ¢, At, At) = e M Kw)(At, ¢) for
every ¢ € R, and the locations of the maximums ¢ — y.(¢) form a decreasing function, which is
negative for every ¢ < \/c¢, and y.(\/c) = 0.

Remark 6.9. Let At > 0 and w(-) be as in Assumption The followings will later be useful.
(i) Suppose that (%(Jw)(At, ®0,Y, At)|y—y, < 0 for some yy € (—oo0,At] and ¢9 € R. Then
(Jw)(At, ¢, yo, At) > (Jw)(At, ¢o,y, At) > (Jw)(At, ¢, y, At) for every y € (yo, At) and ¢ < ¢y,
and since y,(¢) < y«(¢p) for all ¢ > ¢y, a%(Jw)(At, o,y,At) < 0 for all y € [yo, At) and ¢ > ¢o.
(ii) Suppose that (%(Jw)(At,qbo,y,At)\y:yo = 0 for some yy € (—oo,At] and ¢9 € R. Then
a%(Jw)(At,qﬁ, y, At) > 0 for every y € (—00,yp) and ¢ < ¢, since y.(p) > y«(Po) = yo for every
¢ < ¢o and y — (Jw)(At, ¢, y, At) is strictly increasing on y € (—o0,y) for ¢ < ¢p.

Theorem 6.10. Suppose At >0 and w : Ry — R are as in Assumption . Then y — ¢(At,y, w)
on y € [0,At) is either strictly increasing everywhere or first decreases and then increases. It
is strictly monotone at every y € [0,At) where ¢p(At,y,w) > 0. At every y € [0,At) where
y — ¢(At,y,w) is decreasing, it coincides with y — 6_)‘y(1+%)—1. The mapping y — ¢(At,y, w) is
strictly increasing on a nonempty open neighborhood in [0, At) of At and is continuous everywhere.

Proof. Fix some yy € [0,At) and suppose that ¢(At,yg,w) > 0. Note that we always have
Z(Jw)(At, 6y, Al | g— Al o) < O-

Case 1. Suppose %(Jw)(At, ., At)|¢:¢%§zg/e,w) < 0. Then (Jw)(At, p(At,yo, w), yo, At) = 0;
otherwise, ¢(At,yo, w) can be further lowered. By Remark (i) with ¢o = ¢(At,y,w), 0 =
(Jw)(At, p(AL, yo, w), yo, At) > (Jw)(At, ¢,y, At) for y € (yo, At) and ¢ < @¢(At, yo,w). Thus,
d(At, y,w) > ¢(At, yo, w) for every y € (yo, At), which, in the meantime, implies that

0
. At d = (Jw)(At, ¢y, At f At
(6.5) oAt y,w) > 0and 5 (Jw)(At, ¢y, )’¢:¢<At,y,w) <0 for every y € (yo, At)

by the second part of Remark (i) with ¢ = ¢(At, yo, w). Now implies that Case I applies
to every y € (yo, At) and that y — ¢(At, y,w) is strictly increasing on y € [yg, At).

Case II. Suppose now that %(Jw)(At, ¢,y,At)|¢:¢?;gzovw) = 0. Then by Remark (ii)
with ¢g = ¢(At,yp, w), we have (%(Jw)(At, o,y,At) > 0 for every y < yp and ¢ < ¢(At, yo, w).
Therefore, ¢(At,y,w) > ¢(At,yo,w) for every y < yo. This implies ¢(At,y,w) > 0 for ev-
ery y < yo, and by Case 1 a%(J”u))(At, ¢, Y, At)|g—p(atyw) = 0 for every y < yo; otherwise,
%(Jw)(At,gb, Y, At)|p—gp(At,yw) < 0 and Case I would imply that ¢(At,y,w) < ¢(At, yo,w) and
(%(Jw)(At, ,, At)|¢:¢%§§{§m,w) < 0, which contradicts with the starting assumption of Case II.
Since now ¢(At,y,w) > 0 and a%(Jw)(At,qﬁ, Y, At)|g—p(At,yw) = 0 for every y < yo, Case II ap-
plies to every y < 7o, and we conclude that y — ¢(At,y,w) is strictly decreasing on y € [0, y].
For every y € [0,0], 0 = 5o (Jw)(At, &y, At)|g—p(atyu) = € Y (p(y, d(At,y,w)) — 2) implies
Me= oy, o(At,y,w)) = N[p(At,y,w) + 1] — 1 or (At y,w) = e MW(1+2)— 1.
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Corollaryimplies that limyra; ¢(At,y, w) = +00 > sup,cio an e M (1+ %) —1= %, which im-
plies that ¢(At,y,w) > 0 and (%(Jw)(At, b, Y, At)|p—g(At,yw) < 0 for some y € [0, At); otherwise,
we would have ¢(At, y, w) > 0 and %(Jw)(At, b, Y, At)|g—g(Atyw) = 0 for every y € [0, At), which
would imply that ¢(At,y,w) = e (14 2) —1 < \/c for every y € [0, At), which contradicts with
limyra¢ (AL, y,w) = +o00. Therefore, Case I implies that y — ¢(At,y,w) is strictly increasing in
some nonempty neighborhood in [0, At) of At. Let us now define

0
D= AL): d(AL d — At At =
{y c [O’ )7 gb( Y, ’U)) > 0 an ay(Jw)( ,Qb, Y, )‘¢:¢(At,y7w) 0}7

0
E = {y € [0, At); ¢(At,y,w) > 0 and a—y(Jw)(At, d),y,At)‘
E # @ by the previous paragraph. We also know that ¢(At,y,w) > [e™M(1 + 2) — 1]F |, =
% > 0, and a%(Jw)(At, ¢,y,At)\¢:¢3(/Z207w) < 0. If 0 € E, then E = [0,At) by Case I above, and
y— (Jw)(At, ¢, y, At) is strictly increasing on y € [0, At). If y — (Jw)(At, ¢, y, At) is not strictly
increasing on y € [0, At), then we must have 0 ¢ E and %(Jw)(At, ¢,y,At)|¢:¢z(”X20’w) =0 and
0 € D. Hence, D is not empty in this case, either. Define yy := sup D and y, := inf E. There is a

sequence (yy))nzl in D increasing to yy, and on every [0, yén)) > y, the mapping y — ¢(At,y, w) is

<o}.
¢:¢(Atvva)

strictly decreasing. Therefore, y — ¢(At, y, w) is strictly decreasing on y € [0, yy). Similarly, there is
a sequence (y,(nn))nzl in E decreasing to y,, and on every [yfnn), At) 5 y, the mapping y — ¢(At, y, w)
is strictly increasing. Therefore, y — ¢(At, y, w) is strictly increasing on y € (y,, At).

We have 0 < yy < y, < At, since otherwise y — ¢(At,y, w) would be both strictly increasing
and strictly decreasing on a nonempty set. If y, = y,, then y — ¢(At, y, w) firstly strictly decreases
and then strictly increases on [0, At) 3 y. Suppose yp < y,. Take any yy < yo < y,. We claim that
d(At,yo,w) = 0. Otherwise, ¢(At,yp, w) > 0, and since %(Jw)(At,qﬁ, Y, At)](z):g(ygg;o’w) <0, we
must have either yg € D or yg € E. If yg € D, then y, < yo contradicts with the definition of y,. If
yo € E, then yy < y, contradicts with the definition y,. Thus, ¢p(At,y, w) = 0 for every y € (ys, yr).

Finally, y — ¢(At, ¢,y, At) is continuous by Remark Hence, if y, = y,, then y, = limyy,, |
d(At, ¢, y, At) = limy,, | ¢(At, ¢,y, At) = y, is the unique global minimum of y — ¢(At, ¢, y, At).
If yo < yr, then @(At, ¢,y, At) = 0 for every y € [ye, yr|, D = [0,y¢] and E = [y, At). In all of the
cases, y — @(At, ¢,y, At) is strictly monotone at every y € [0, At) where ¢(At, ¢,y, At) >0. O

Remark 6.11. The mapping y — ¢(At,y,w) is either strictly increasing, or decreases first and
then increases. In the latter case, it is strictly monotone at every point where it is strictly positive.
Its decreasing part coincides with y — e ™ (1 + %) — 1; see the drawing on the left in Figure
Finally, lima; oo 4 @(ALy,w) = [e7 (1 + %) — 1]t for y € [0,At), since, for ¢ > 0 and
0<y<yo <At (Jw)(At,¢,y,At) > At—yo— (5 + 1) — 1, and infocy<yy s>0(Jw) (AL, ¢, y, At) >

C
At —yo — % — % — 00 as At — 00; see the drawing on the right in Figure

7. NUMERICAL METHODS AND THEIR ILLUSTRATIONS

For any ¢ > 0, if a change-detection alarm has not yet been raised before ¢, then minimum Bayes
risk inf e sy Rr(p) is given in terms of y(t) = 3020 Lt 0s) (DX (it vn41) (Atngr, @1,) by
(5.2) and an optimal alarm after time ¢t may be raised at the stopping time og(t) of (6.3), where
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ok O(AL, W)

P(Ata, -, w) 1 p(Ats, -, w) 1 G(Aty, -, w)
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Yy 9(Aty, w)
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[

Aty

yrre M (1+2) -1 yHe**!/(i+%)—1
FIGURE 2. The mapping y — ¢(At,y,w) on y € [0, At) either (a) strictly increases, or (b) firstly
decreases strictly and then increases strictly, with unique maximum, or (c¢) firstly decreases strictly
until it hits zero, stays there for a while, and increases strictly afterwards. The drawing on the

righthand side illustrates that ima; e 4 ¢(AL,y, w) = [e= (1 + 2) — 1]*.

¢o(s) = inf{p > 0; (Js—t,Vn+1)(Atny1,¢) = 0} for every s € [t,,tn41) and n > 0. For the evalua-
tion of the minimum Bayes risks and implementation of optimal alarm times, one needs to calculate
the limit v, () = limy,;, 00 v&m)(-) on R, for n > 0 of successive approximations (’Uq(—bm)('))(]gngm,
m > 0 defined by , and functions (Js—¢, Upt1)(Aty1, ) for s € [tn, thy1) and n > 0.

In practice, v,(-) cannot be calculated exactly, but can be approximated by vflm)(-) for some
m > n with any desired uniform error margin € > 0 for every n > 0. Indeed, if M, (¢) = min{m >
n; bty — ty > %ln c%} for every n > 0 and € > 0, then Theorem guarantees supgsg |on (@) —

vgm)(qbﬂ < ¢ for every m > My (¢), and by Lemma (iii)

sup (Js—t, Vnt1)(Atnt1, ¢) — (Js—tnvr(:—,lz-)l)(Atn-l-la ¢)‘
¢207 SE[tnyt'rH-l)

< e s 1,41(6) = oI (0] € €A for every m > Mo 6)

which also leads for every n > 0 to the uniform approximation of ~(t), t € [tg,trt+1) With

Ziozo 1[tk7tk+1) (t)e/\(titk) (Jt—tk vl(an:IIH))(Atk-i-l’ (I)tk) as in

sup
te [tn 7tn+1)

<eg,

W(t) B Z 1[tk7tk+1)(t)e)\(t_tk)(Jt*tkvl(gTI;H))(Atk-i-l7 (I)tk)
k=0

where my, > My (e) is any fixed finite integer for every k > 0.

By replacing v,,+1(+) in the definition of the optimal stopping boundary ¢q(s) for every s € [ty, tni1)
and n > 0 with vﬁ[ﬁ'f“)(-) for any fixed mp41 > My41(e), one also gets, instead of impractical
optimal alarm times og(t) for ¢ > 0, implementable nearly-optimal alarm times o, 5(t), t > 0.
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Input. Fix any € >0, § > 0, and n > 0.

Step 1. Let my,+1 = [My,+1(e)] be the smallest integer m > n+1 such that ¢, —t,, > —(1/\) In(ce).

Step 2. Find v(m”“)(-) by calculating Uﬁ,ﬁ’ﬁl)() = 0 and v(m”“)( )= (Jo v,(c";’f“))(Ath, -) for

k=mnpy1 —1,...,n+ 1,n successively.

Step 3. Calculate (Ji—t, v (m”“))(Ath, ¢) for all t € [tp,tn11),0 < ¢ < ¢(Atyi1,t — t,), where
XY _ oMt ] p—AAE

st =max{[e(142) 1] 5+ ) ey iay 1)

and we know that (J,_,, v ) (Atp i1, d) = 0 for ¢ > G(Atni1,t — tn).
Step 4. Find d)Jm"“)(s) = min{¢ > 0; (Js— tnvgm”“))(Ath,qﬁ) > —de~25=)) by a binary
search on [0, p(At,1,s — t,)] for every s € [tn, tni1).

Output. For every t € [t,,t,+1), we obtain |y(t) — e)‘(t_t”)(Jt_tnvgnl’{“))(Ath,@tn)\ < g, and

qbgm"“)(t), t € [tn,tnt1) is the critical boundary of (¢ + ¢)-optimal rule o, 5(t), t € [tn, tnt1).

FIGURE 3. A numerical algorithm to calculate the minimum Bayes risk and the critical boundary

of a nearly-optimal optimal stopping rule between observation times.

Proposition 7.1. Let M, () and qﬁgm)(s) be defined as in Theorem and , respectively, for
every n,m >0, >0, and 0 < s < ty,. Fiz anye >0, § >0, and m, > My(c). Define

¢E s\S Z [tn,tn+1 mn+1)< )7 S Z 07

02 5(t) == inf {s > ¢ Z Lty ()4, > ¢575(5)}, t>0.
n=0

Then for every t > 0, stopping time 0. 5(t) € S(t) is (e+0)-optimal for inf csu) R-(-) in if an
alarm has not been raised before time t; namely, y(t) + €+ 6 > Eoo[ [, 50 =M u=t) (P, — 2Ydu|F).

Proof. Since ¢((;m)(s) < ¢s(s) form >0,5 >0,and 0 < s < t,, by Proposition we have o, 5(t) <
os5(t) for every t > 0. Then Corollary and the optional sampling imply that the stopped process
{M(sNoes5(t) = M(sNozs(t) ANos(t)), Fs; s > t} is a RCLL Py-martingale, and fg e A(D,, —
Mdute Tty (t) = M(t) = Boo[M(s A0 ()| Fr] = B[ e 20(@,, — 2)du e MA75(0)y (A
02, 6(1))|Fi], which gives v(t) = Eoo[ [;70® e A@=0(@,, — 2)du + e NATes O~y (5 A g, (1)) | F.
As 5100, v(t) > Eoo[ [ 50 e A (@, — 2)du + 1{0 5( )<oo}e*)‘["5»5(t)*ﬂfy(ag,g(t))|.7:t] by Fatou.
Since mp41 > Mpyi(e), we have y(oc5(t)) > v (mt1) (0c,s(t)) — e on {ocs5(t) € [tn,tnt1)} by
Proposition[5.2} and 1(,_(1<oe}V(0c.6()) = Yonig Lty tnin) (@c0(t)) [Y ) (025(t)) — €] > =5 —e,
because the definition of o, ;(t) implies that ®;, > ¢.5(0:5(t)) = ¢ m”“)(a&g(t)) on {o.5(t) €
[tn, tnt1)}, which leads to 4(™n+1) (g, 5(t)) > —4 for every n > 0 by definition of gbgm"“)(~) in .
Thus, v(t) > Eoo[ [ 8 g=Au= Y(®, — 2)du|F;] — e — &, which completes the proof. O

Figure|3| gives a numerical algorithm to find the nearly optimal stopping rules of Proposition
For the numerical examples, we suppose that the lengths of successive observation intervals cycle
through some p > 1 positive constants Aty, ..., At,. Figures 4 and [5| demonstrate the outputs of
the algorithm in Figure |3| applied to Wiener disorder problems with p = 1, namely, equally At-
spaced observation intervals. Four columns of Figure [4 display for At = 1,10, 20, 32 the successive
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FIGURE 4. Wiener disorder problem with equally At-spaced observation intervals, A = 0.1, u =1,
and ¢ = 0.01.

approximations of value function w(-), successive approximations of optimal stopping threshold
¢0(0) at observation times, optimal stopping boundary ¢ (y), y € [0, At) between observations, and
the contours of value function (y, ¢) — eAny(At, ¢) where y is the time since the last observation
and ¢ is the conditional odds-ratio calculated at the last observation time.

As time At between observations increases, the number of iterations needed for an accurate value-
function approximation decreases, the value functions increase pointwise, the optimal stopping
regions expand, and optimal continuation regions shrink; compare the graphs along the row in
Figure |4] (i) and the superposition of the value functions in Figure 5| (i).

It is never optimal to raise an alarm at any observation time when the conditional odds-ratio is
less than \/c = 10. If the conditional odds-ratio is greater than or equal to A/c, waiting may still
be favorable (with the hope that the conditional odds-ratio will jump into the advantageous region
[0,A\/c) after a favorable observation), but this possibility vanishes rapidly as time At between
observations is increased; compare the graphs in Figure |4] (ii).

As pointed out by Theorem [6.10] optimal stopping boundary between two adjacent observation
times either increases strictly or first decreases and then increases; it is strictly monotone whenever
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F1GURE 5. Wiener disorder problem with equally At-spaced observation intervals, A = 0.1, u =1,
and ¢ = 0.01.

it does not vanish. As time At between observations increases, optimal stopping boundary tends
to decrease more with the passing time, and this encourages early stopping in order to curb the
increasing risk of failing to detect the disorder time; see the graphs in Figure 4| (iii) for numerical
evidence and Remark for rigorous justification.

In order to forgo the contribution of a very near new observation in resolving the ambiguity
about the unobservable disorder time, the odds of that the disorder must have already happened
must intuitively be very large. Therefore, one expects that the optimal stopping boundary increases
to infinity as time of next observation is nearing. All of the graphs in Figure {4| (iii) confirm this
intuition, which was also analytically established in Corollary

Finally, the approximate contours of the value function (y, ¢) — eAy(Jyw)(At, @) in Figure |4 (iv)
help visualize the changes in the process v(t) = e*t=t) (J,_, w)(At, ®; ), t € [tn,tny1) for every
n > 0, which is fundamental for the calculation of minimum Bayes risks inf cs) R-(:) in for
every t > 0 and is essentially the conditionally minimum Bayes risk given the past observations if
an alarm has not yet been raised before time t > 0

Suppose that the optimal stopping boundary is strictly increasing. Then ¢ — ~(t) is strictly
decreasing on t € [ty, tny1) if Y(tn) = (Jow)(At, ®y,) = w(Py,) < 0 or P, < Pp(0). Otherwise, it
remains at zero for a while before it starts to decrease; see Figure [4| (iv) for At = 1. Suppose now
that the optimal stopping boundary first decreases and then increases. If ®; < \/c, then t — ~(t),
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FIGURE 6. Wiener disorder problem with unequally spaced observation intervals, the lengths of
which cycle trough Aty =5, Aty =15, At3 =5, Aty =20, and A =0.1, p =1, and ¢ = 0.01.

t € [tn,tnt1) strictly increases; if it reaches to zero, it may stay there for a while, but it always
eventually starts to strictly decrease. Otherwise, it remains at zero for a while before it starts to
strictly decrease; see Figure (4| (iv) for At = 10, 20, 32.

Figures |4 (iii) and [5| (ii) show that the following three cases are possible:

(i) An optimal alarm may sound only at some observation time. If the optimal stopping boundary
is increasing, then, whenever postponing an alarm is optimal, it remains so at least until after the
next observation. If At = 1, then the optimal stopping boundary is increasing, and an alarm may
be raised only at observation times t,, = nAt, n > 0.

(ii) An optimal alarm may sometimes sound strictly between some observation times. If the
optimal stopping boundary is not strictly increasing, then it must firstly decrease and then increase,
and it is strictly monotone wherever it does not vanish. Moreover, it starts from level A/c > 0 and
its decreasing portion always coincides with ¢ — e (14 \/c) — 1 independently of time At between
observations; see Figure [5| (ii) and Theorem Therefore, an optimal alarm time falls strictly
between two observation times, if the conditional odds-ratio calculated at the last observation lies

between the minimum of the optimal stopping boundary and its initial value, A/c. Postponing an
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alarm at least until after the next observation is still optimal if the conditional odds-ratio at the
last observation is below the minimum of the optimal stopping boundary. If it is at or above \/c,
then it is optimal to raise the alarm immediately after the last observation time. If At = 10 or 20,
all three optimal alarm types may appear with positive probability.

(iii) An optimal alarm will always be set by the next observation time. This is a special case of
(ii), which occurs if the optimal stopping boundary vanishes some time between two observations.
If At = 32, then optimal alarm will always sound before the next observation.

It is important to remember that one can always tell with certainty if optimal alarm will sound
before the next observation, and its precise time if it will. Figure || (iii) shows the sample paths of
conditional odds-ratio processes ® and optimal alarm times for different times between observations,
At =1,20,32. Observe also that if optimal stopping boundary is not strictly increasing, then it is
not differentiable at its minimum, since its left derivative at the minimum is the derivative of the
strictly decreasing function t +— e (1 4 %) — 1, which is always strictly negative.

Finally Figure [6] illustrates the outcome of the numerical algorithm described in Figure [3] for the
Wiener disorder problem with unequal observation intervals, the lengths of which cycle through
Aty = 5, Aty = 15, Atg = 5, Ay, = 20. Optimal stopping boundaries between observations are
strictly increasing over [tan, tan+1) U [tan+2, tants), but firstly decreases and then increases strictly
over [tan+1,tant2) U [tan+34anta) for every n > 0. Thus, if the alarm is not set before or at time
tan (respectively, t4,12), then it is optimal to wait at least until time t4,,41 (respectively, t4,43) for
every n > 0. However, an optimal alarm may sound some time strictly between ¢4, 11 and t4y, 12 or
strictly between t4,43 and t4y,+4 for some n > 0.

8. CALCULATION OF FALSE ALARM PROBABILITIES, VARIATIONAL AND GENERAL BAYESIAN
FORMULATIONS

In this section, we shall show how one can calculate the probability of false alarm

(8.1) pfa(p) = P{JO(O) < @’Cbo = %}, 0<p<l1
for the optimal alarm time 0¢(0) = min{s > 0; > 7% 11t,.4,, ) (5)Pr, > ¢o(s)} of , which is by
Proposition and Theorem an optimal stopping time for the problem in and has the
smallest Bayes risk R(p) of for every 0 < p < 1.

Because ¢q(s) equals ¢(Atyy1,s — tg,vp11) for s € [tg,te11) and £ > 0, recall from Remark
and Figures andthat the critical boundary s — ¢g(s) is continuous on every observation interval
[te,ter1), £ > 0, either increases strictly everywhere or first decreases along s — e~ (5=t (1 + %) -1

and then increases. Let us define the minimum

(8.2) bo,¢ := min{do(s); s € [te,te41)}, £€>0

of ¢o(-) on the observation interval [t;,ts41) for every £ > 0. Note that, when at time ¢t = 0 the
surveillance starts, one can determine the exact time og(0) of the optimal alarm by only knowing
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the values ¢g ¢, £ > 0. Indeed, we have

(8.3)
A
2 ty — E 0,4
¢ > (2Vo
_ _ 1 1+ A A
00(0) = og(te) = _ - ¢ Z < 25 on {og(0) > tp}, V€ > 0, P-a.s.
o ) 0( 0) ty )\log 1+% , <C A¢O,€> <Py, < p { 0(0) E}
oo(tet1), Py, < o0

Let us introduce the “conditional probability of false alarm” process

(84) CPFA,, := [P{O’o(tn) <O | ftn, o > tn}

B [Zt,ne Loy ta)<e} | s © > 1]

Ew [Zino | Fi,y © > tn]
where Z; pe0 = 1 P-as. on {© > t,}. Note that CPFAy = P{oo(0) < © | Fp, 0 > 0} =
p{%(?\p: 2o We shall show that P-a.s. CPFA,, = cpfa, (®s,) for every n > 0 for some sequence
(cpfa,,(-))n>0 of [0,1]-valued functions, each element cpfa,(-) of which is the pointwise uniform

= Pocf{o0(tn) <O | Fp, © > t,}, n>0,

limit of some suitable successive approximations (cpfagm)(-))mm. We will then be able calculate
the probability of false alarm by

pfa(p) = (1 — p) cpfao( €p> =(1-p) mlgnoo cpfa(()m) (p) for every 0 <p < 1.

1
To calculate the conditional probability in (8.4)), we shall need the following lemma.

Lemma 8.1. Let (Q,H,P) be a probability space, X be a bounded random variable, F be a sub
o-algebra of H, and A be an F-measurable event. Then

E|X F
E[X | FAo(A)] = EIE&/“ J’TJ; i, P[(Ql\”ﬂ F)] Lo\ a-

Therefore, E[X | F, Al =E[X14 | F]/P(A | F).

Proof. Take a bounded F-measurable random variable Y and constants a and b. Then

E[Y(ala+blga) E[X | FV o(A)]] = E[Y (ala + blg\a)X] = aE[Y X14] + bE[Y X 10 4]
= aE[YE[X14 | F]] + bE[YE[X 1o 4 | F]]
E[X14 | F] E[X1o\a | F]
P(A| F) PQ\A|F)
., E[X14 | F] E[X1g\a | F]
= & (Y51 7 “‘f)] #08 [8 (V gt a1 o
E[X14 | F] E[X1o | 7],
P(ATF) 4T P@VA[F) ”\A}

_GE {y P(A | }")] +bE [y PO\ A }")}

7)]

~5 |y

E[X14 | F] E[X 14 | F] )}

:E[Y(alAﬁ-le\A)( P(4| F) A PQ\A|F) O\A

which completes the proof of the lemma. 0
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Because F;, and © are independent under P, and og(t,) in (8.3)) depends on F;, through the
future values of the Markov process (®¢,t)¢>¢,, Lemma implies that

Poo{oo(tn) <O | Ft.} _ Poc{oo(ts) <O | Py, }
Poo{® >t | F,.} Po{® > t,}

CPFA,, = Poo{oo(tn) <O | Ft,, © >t} =

_ (1+ @0)—11[:?,00 [e‘AUO(t”) | ‘I’tn] —E. [e—)\(ao(tn)—tn)

(1 + (130)_16_>‘t"

(btn:| = cpfa,, (P4, ),

where for every ¢ > 0 and n > 0 we define

1+¢

P, = (4 = 112 vg0,0),00) (@) + Hﬁl (g0, 2 (®)
C

+ 1[0,(;50,%’”)<¢)e_)\Atn+1Eoo [Cpfan+1(q)tn+1) ‘ Py, = ¢]7

Cpfan(¢) =Ko [e*)‘(UO(tn)ftn)

and the second equality follows from the second equality in (8.3]). Using the explicit dynamics in
(1.2) of ® and the definition in (4.3]) of K operator, we can evaluate the expectation

AX,
Eoo[cpfa, +1(Pt, 1) | @r, = ¢] = Ew |:Cpfan+l <J <Atn+1, o, H)) ‘ oy, = ¢]

Vv Atn-i—l
00 —22/2
e
= / cpfan_H (](Atn+1, ¢, Z)) ﬁdz = (chfan+1)(Atn+1, (Z))

The next proposition summarizes our findings up to now.

Proposition 8.2. Let L be the operator on bounded functions w : RT +— [0,1] defined by

1+ ¢ _
(Lw)(y, At, ¢) = 1[(%\/3,),00)(@ + Hﬁl (%/\y),%)(@ + 1[0,y)(¢)€ AAt(Kw)(At, o)
for every y, At,¢ > 0. Then the probability of false alarm pfa(p) in equals (1 — p)cpfag(72-)
for every 0 < p < 1, where cpfa,(-), n > 0 are unique [0, 1]-valued functions satisfying cpfa,,(¢) =

(Lepfa, 1) (¢0,n, Atnit, @) for every ¢ >0 and n > 0, and each ¢op is defined by .

To prove the uniqueness of cpfa,(-), n > 0, suppose that f,(-), n > 0 be a sequence of [0, 1]-
valued functions satisfying f,,(¢) = (L fn41)(Pon, Aty, @) for every ¢ > 0 and n > 0. Then we have
D, (B)— Fuld) = Lo g (B 041 (K (CDfay gy — fs1)) (Abns1,0) < 300t [lepfa g — fsa
for every ¢ > 0 and n > 0. Similarly, f,(¢) — cpfa,(¢) =< e +t|cpfa, 1 — foi1] for every
¢ > 0 and n > 0. Therefore, |cpfa, — fn| < e 2n+1|lcpfa,, 1 — fui1| for every n > 0. Reiterating
this inequality m > 1 times leads to |[cpfa, — fu|| < e MAtntitdBbnim)|cpfa, 0 — fr || <
e MAtnsitA+Alnim) for every n > 0. Letting m 1 oo implies that ||cpfa,, — f,|| = 0 for every n > 0.

To calculate cpfa,, () for every n > 0, we define the successive approximations

(8.5) cpfal™() = 1, cpfal™(¢) == (Lepfal™)(bom Atni1,6), ¢ >0, 0 < n < m — 1.
Proposition 8.3. For every ¢ > 0 and n > 0, the sequence (cpfa%m)(qb))mzn is decreasing and its
limit as m — oo coincides with cpfa,(¢). Moreover, the convergence is uniform in ¢ > 0; more

precisely, Hcpfa%m) — cpfa, || < e MBtntrttAm) for every m > n.
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Proof. For every m > 0 and ¢ > 0, we have 1 = cpfagln)(gb) > cpfa(m+1)(qb). Suppose that
cpfa%m)(‘) > cpfa%mﬂ)() for every 1 < n < m. Then

cpfal™, (¢) = (Lepfal™) (Go.n, Atni1, ¢) > (Lepfal™ D) (g0 n, Atni1, ¢) = cpfal™ T ().

Hence by induction on n = m,m—1,...,0, we conclude that {cpfa,(lm)(qb); m > n} is decreasing for
every fixed n > 0 and ¢ > 0. Therefore, lim,, cpfa,(lm) (¢) exists, and by the bounded convergence
theorem it satisfies lim,;,— oo Cpfa( m) 1(6) = (Llimy, 00 cpfa(m))(qﬁgm, Atyy1,¢) for every ¢ > 0 and
n > 0. Because by Proposition E 8.2 the [0, 1]-valued functions cpfa, (), n > 0 uniquely satisfy
cpfa, (¢) = (Lepfa, 1)(don, Atntt, @) for every ¢ > 0 and n > 0, we conclude that cpfa, (¢) =

limy,—s 0o cpfaglm)(qﬁ) for every ¢ > 0 and n > 0. Moreover,

pfa, (6) — cpfal™ (6) = 1io,g5,.) ()21 (K (epfa ) — cpfali)) ) (A1, )

"+ ||cpfa,, 1 — cpfagﬁ)lﬂ for every ¢ > 0 and m > n.

Therefore, cpfa%m)(qﬁ) — cpfa, (@) < e Mt |epfa, 4 — cpfafﬁ)l || for every ¢ > 0 and m > n. Then
llepfa,, — cpfal™|| < e Mt cpfa,, | — cpfafﬁ)lﬂ < .. < e Bttt Atn) | opfa  — cpfaltV|| <
e MAtns1t4Am) for every m > n > 0. Hence, (cpfaq(zm)(gb))mzl decreases to cpfa,(¢) as m 1 oo

uniformly in ¢ > 0. U

Remark 8.4. For every € > 0, let M(e) := min{m >1; Aty +...4+ At,, > —}loge}. Because
|lcpfag — cpfa || < € by Proposition we have suppe(o 1] ‘ (1— cpfa(M(E))( 5) — pfa(p )| <
(M(e))

Suppefo 1)(1-) !cpfao MED () —epta(L,)

the probability of false alarm pfa(-) in uniformly in p with (1 — )cpfa(M(E))(1 p), which can

easily be calculated with successive approximations in .

< ||cpfay —cpfag|| < e. Hence, we can approzimate

Remark 8.5. Suppose that At,, = At > 0 for every n > 1; namely, all observation intervals have
the same length At. Then ¢on = ¢o,0 and cpfa,(-) = cpfa(-) are the same for all n > 0. Moreover,
cpfa(-) is the unique [0, 1]-valued function satisfying cpfa(¢) = (Lepfa)(¢oo, At, @) for every ¢ > 0
and is the limit of successive approrimations

cpfa®@ () =1, cpfa™(¢) = (Lepfa™™ )(qbo 0, At,¢), ¢>0,n>1

with ||epfa — cpfa™|| < e ™AL for every n > 0. For every ¢ > 0, we now have M(g) = —1;\)2‘;],

and Suppepo 1] ’ (1-— )cpfa(M(E))( 5) — pfa(p )‘ <e.

8.1. Variational formulation. In certain applications, one seeks a strict and explicit control on
the probability of false alarms. For example, one may not want the probability of false alarm to
exceed a prespecified low number 0 < o < 1. If S(a) = {7 € S; P{r < O} < «} denotes the
collection of all F-stopping times with false alarm probabilities less than or equal to «, then in the
variational formulation of the Wiener disorder problem one seeks an alarm time 7 in S(«) which
has the smallest expected detection delay time E[(T — ©)T].

The solutions of the variational and Bayesian formulations are closely related. For every ¢ > 0

and every sequence of observation times t; < ¢t < ..., the Bayes optimal alarm time o((0) for the
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FIGURE 7. On the left ¢p 0 = min{¢o(s); s € [0, At)} and on the right ¢o0/(1 + ¢o0) are plotted
for a range of unit cost ¢ of detection delay and common length At of all observation intervals
(A=0.1and p=1).

problem in (2.1 is also optimal for the variational formulation when « equals P{o((0) < O}, which
can be numerically calculated by Remark or Indeed, for every 7 € S(a) C S, the inequality

P{00(0) < O} + cE[(00(0) — ©)1] < P{r < O} + cE[(T — ©)7]

implies that E[(c¢(0) — ©)T] < (1/c¢)(P{T < ©} — P{0p(0) < O}) + E[(r — ©)T] = (1/c)(P{T <
0} —a) + E[(t — ©)T] < E[(r — ©)"] or E[(5¢(0) — ©)"] < E[(T — ©)T], and since 5¢(0) € S(a),
we conclude that

i Bl(r - €)= Blloa(0) - 0] = [1-p+ (1= pev ({2 ) ~a] 1
where the second equation follows from Proposition

It is unclear if for every 0 < o < 1 there are always some ¢ > 0 and t; < to < ... such that the
optimal alarm time of the Bayesian formulation has the probability of false alarm exactly equal to
. A quick and effective solution of the variational formulation will be to tabulates the probability
of false alarms of Bayes optimal alarm times on a fine grid of cost ¢ > 0 and the lengths At,, n > 1
of observation intervals.

Figures [7] and [§] illustrate this practical approach when observation intervals have some common
length At. In those numerical illustrations, we set A = 0.1 and p = 1. For every fixed ¢ > 0 and
At > 0, we solve the Bayesian formulation and find for the Bayes optimal alarm time o¢(0) the
minimum threshold ¢g o = min{¢g(s); s € [0, At)}; see Figure|7, We then calculate the probability
of false alarm of 0y(0) as described in Remark Figure [§| display the contourplots of false alarm
probabilities and expected detection delay times of Bayes optimal alarm times for every pair of ¢
and At values. One can in principle spot the solution of the variational formulation by an inspection
of the pictures in Figures|7land |8] For example, if we are certain that the disorder has not happened
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FIGURE 8. The probability of false alarms (on the left) and expected detection delay times (on
the right) of Bayes optimal alarm times for prior probabilities p = 0,1/6,1/3,1/2 of a change at
or before time zero and for a range of unit cost ¢ of detection delay and equal observation interval
length At (A =0.1 and p =1).

yet (namely, p = 0), and if we want the probability of false alarm to be less than or equal to 1/50,
then we can choose any pair (At,c) located on the contour labeled with “0.02” in the upper left
corner of the picture on the left in Figure |8] For the pair (At, c¢) we picked, we can read from the
upper left corner of the picture on the right in the same figure the minimum expected detection
delay time and find the minimum critical threshold ¢g ¢ from the picture on the left in Figure m
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APPENDIX A. SELECTED PROOFS

A.1. Derivation of the dynamics in (1.2]) of the conditional odds-ratio process ®. Because
© is independent of X and has zero-modified exponential distribution with parameters p € [0, 1)

and rate A > 0 under P, we have

eM oMt :
P = 1 pEOO [Zt<@)1{9§t} | }—t] 1 » {pZt(O) +(1- p)/ )\e_)‘“Zt(u)du]
a - 0

Suppose that t,—1 < t < t, for some n > 1. Since Zi(u) = Z;, ,(u) for every u > 0 and
Zy, ,(u) =1 for every t,—1 < u < t,, we have ®; equals

At At

t N e 1— _ _
T [PZ 0+ (1-p) /0 Ny ()] = 7 [, (1 p) (e e )]

+ M) = A By 1) =1 = (= b1, By, )

— eA(t_tnfl ) @t

n—1



WIENER DISORDER PROBLEM WITH OBSERVATIONS AT FIXED DISCRETE TIME EPOCHS 33

On the other hand, ®;, , = %[pZtn_l (0)+(1—p) fot"’l e M7, (u)du]. Because Zy, , (u) =
1 for every u > t,,_1, we have

AXppltn = (uV it )]t ([t = (uV 1))
- - >
Zt” (U) Ztn—l (U) P { tn — th—1 Q(tn - tnfl) }7 U= 0
and
6’\t” tn—1 A\
,, = - [(pZtnA(O) +(1 —p)/o e Ztnfl(u)du) exp {AX - 7Atn}
tn AX (t _ u) 2(t _ u)2
—Au nH{ln w(ty
B d
+(1—p) /tn1 Ae exp{ Pt 2(tn i 1)} u}

2
= exp {,uAXn — %Atn}e/\(t"_tnfl)fbtnfl

2

tn AXn n - 2 n -
+/ N A tn—u) exp{ pltn —u)  p*(tn —u) }du,
th—1 7571 - tnfl Q(tn - tnfl)

which gives (|1.2)) after a change of variable in the integral on the righthand side.

A.2. Proof of Lemma (i) If w(-) > —1/c, then (Jw)(At, ¢,y,r) > —1 f e Atdt —
%e_AAt = —% (e_Ay — e_>‘t) — %G_AAt = —% M for every At >0, ¢ > 0, 0 <y <At,and r > 0.

Then (Jyw)(At, 6) = infysy (T (At 6,,7) > —(1/e)e=, and (Jyu)(At, 6) < (Jw)(At, 6,9,y) =
0; therefore, —1/c < eM(Jyw)(A, ¢) <0 for every At >0, ¢ >0, and 0 < y < At.

Both ¢ — @(At,¢) and ¢ — j(At, ¢, z) are increasing affine functions for every fixed At >
0 and z € R. If w(-) is nondecreasing, concave, and continuous, then so are (Kw)(At,-) and
(Jw)(At,-,y,r) for every fixed At > 0, 0 < y < At, and r > 0 by the dominated convergence.
Therefore, (Jyw)(At,-) = inf,>,(Jw)(At, -, y,r) is also nondecreasing and concave. The continuity

n (0,00) of (Jyw)(At,-) follows from its concavity on [0,00). It is also continuous at ¢ = 0,
because limg\ o (Jyw)(At, ¢) = infysq inf,>y (Jw) (AL, ¢,y,7) = inf,>y infyso (Jw)(AL, ¢, y,7) =
inf,>, (Jw)(At,0,y,7) = (Jyw)(At,0), since (Jyw)(At,-) and (Jw)(At,-,y,r) are nondecreasing.

Let us now prove that (Jyw)(At, ¢) vanishes for large ¢ > 0. For every ¢ > \/c and u > 0, note
that ¢(u, ) > A/c and f e )‘“(go( ¢)—M/c)du > 0 for every r > y. Moreover, there is some finite
&(At,y) > M\/c such that fAt e M (p(u, ¢) — 2)du + e MY Kw)(At, ¢) > fyAt (p+1—e (1 -
2))du — ¢ ﬂ = (p+ 1) (At —y) + (1 +2) (e — e A) — L= A 5 0 for every ¢ > ¢(At,y) and
(J0) (AL, ) = {inf,cpy a ST € (0, 6) — 2)Au} AL e (p(u, 6) — 2)du-+ e Kw)(AL, 6)
= 0 for every ¢ > ¢(At,y).

(ii) Clearly, if wi(-) < wa(+), then (Kwq)(At, ¢) < (Kwsg)(At, ¢) for every At > 0 and ¢ > 0,
which implies that (Jwy)(At, ¢,y,r) < (Jwa)(At, ¢,y,r) for every At >0, ¢ > 0,0 <y < At, and
r > 0, and taking infimum of both sides over r > y yields the result.

(iii) Let ws(-) and wy(-) be two bounded functions. Fix At > 0 and 0 < y < At¢t. Then
for every ¢ > 0, (Jyws)(At,¢) and (Jywa)(At, ¢) are finite, and there is 7;(¢,e) > y such that
(Jyw;i)(At, @) + e > (Jw;)(At, ¢, y,ri(¢,€)) for ¢ >0, € > 0, i = 3,4. Therefore,

(Jyws)(At, ¢) = (Jywa)(At, ¢) < (Jws)(At, ¢, y,74(¢,€)) = (Jwa)(At, ¢,y,m4(9,€)) + €
= Liato0) (ra(0, €))e 2 [(Kws) (AL, ¢) — (Kwa)(At, )] + ¢ < e |ws(9) — wa(9)| +e.
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Because ¢ > 0 is arbitrary, this leads to (Jyws)(At, ¢) — (Jyws)(At, ¢) < e 2 ws(p) — wa(9)|.
Changing the order of ws(-) and wy(-) and replacing r4(At, ¢) with r3(At, ¢) in the last displayed
equation similarly gives (Jyws)(At, ¢) — (Jyws)(At, ¢) < e ! |ws(¢) —wa(d)| +¢, and we conclude
that |(J,ws)(At, ¢) — (Jyws)(At, ¢)| < e M |ws(p) — wa(e)| for every At >0, 0 < y < At, and
¢ > 0. Taking the supremum of both sides over ¢ > 0 proves (iii).

(iv) Because (Kw)(At, ¢) < 0, the mapping

/T e (p(u,0) %)du, y<r <Al
re (Jw) (At gy, r) =14 7, A
/ e (plu, ) = 2 ) du+ e (Kw)(At, 9), 1> At
Y

is lower semi-continuous, and its infimums over r € [y, c0) and the compact interval r € [y, At] are
the same. Since the mapping is lower semi-continuous, follows.

Since (Jw)(At,¢,y,7) = (Jw)(At,¢,0,7) — [ e (p(u, d) — %)du, we have (Jyw)(At,¢) =
inf, gy ag(Jw)(At,¢,0,7) — [ e (p(u,¢) — 2)du. Because y — [ e (o(u,¢) — A/c)du is
continuous, we only need to establish that y — inf ¢, ag(Jw)(At, ¢,0,7) is continuous.

For convenience, let us define f(r) := (Jw)(At, ¢,0,7) and F(y) := min,c, Ay f(r) for every

r,y € [0,At]. Since r — f(r) is lower semi-continuous, we will show that y — F(y) is left-
continuous. Take any 0 < u < v < At. Then
(A1) 0> F(u) — F(v) = min{ rer[lin] f(s) — F(v),0} > rer[lin] f(s) — f(v).
Fix v € (0, At] and show that F(-) is left-continuous at v. Since f(-) is lower semi-continuous at v,
for every € > 0 there is some 6 > 0 such that |z —v| < § implies f(z) > f(v)—e. Therefore, for every
(v—=08)" <u < v we have mingep, ) f(s) > f(v) —€ and 0 > F(u) — F(v) > mingep, ) f(s) — f(v) >
fw) —e — f(v) = —&; namely, F(-) is left-continuous at v.

Since r +— f(r) is right-continuous, y — F'(y) is also right-continuous. In , fix u € [0, At)
and show that F'(-) is right-continuous at u. Since f(-) is right-continuous at u, for all € > 0 there is
d > 0 such that u < & < (u+ ) A At implies |f(z) — f(u)] < e/2. Thus for all u < v < (u+0) AAt
we have mingep, ) f(s) > f(u) — ¢/2 and f(v) < f(u) + €/2; therefore, 0 > F(u) — F(v) >
mingep, o) f(s) — f(v) > f(u) — § — [f(u) + §] = —e. Hence, y — F(y) is continuous.

(v) For yo <y <r <z <y, adding fyT e M (o(u, d) — Ne)du to 0 > (Jow)(At, ¢) gives

/y Ce (i, 6) — 2 )du > inf | / " e p,0) - 2)du+ Lagn P (Ku) At )

T>r

>t [ T (p,8) = 2)dut s (PN () AL 6)] = ()t 0

Since r fyr e (p(u, ¢) — 2) du is continuous on 7 € [y, z], its minimum on r € [y, 2] is attained,
say at some ro € [y, z]. Because the inequalities also hold for r = r(y, we have

rAA r
inf ' te*’\“ <<p(u, ®) — A) du = min / e M (cp(u, ¢) — >\> du > (Jyw)(At, ¢),
c y c

rely,z] y rely,z]

and (Jyw)(At, ¢) = infTZZ[fyMAt e M (S"(Ua ¢) — %) du + 1[At,oo)(7')€_)\At(Kw)(At7 ¢)] equals
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/ gy (o 0) - i)du + inf | / " (i, 0) - 5)du + 1 aro0) (M) 2 (Kw) (At )
y c r>z 2 C ’
which is f; e (np(u, o) — %)du + (J;w)(At, ¢) and completes the proof of (v) and the lemma.

A.3. Proof of Proposition By Theorem —1/c < 4™)(t) < 0 is Pyo-a.s. bounded, and

since

EoolZulio<uy | Ful]  EoolZulie<y Eo[Zu e
Eoo@u:Eoo[ Zultosu) ]]: Diltosu] o Exlfd _ e
Ex[Zul{osuy | Ful (1—ple (I—ple?  1-p
we have Eoo| M ()| < Eo[ [y e M ®@ydu] + L [ Ae Mdu+ e < [ odut ;=5 + 1 < oo,

and M(™(t) is integrable under Py, for every 0 < t < t,.

Fixsomem > 1,0 <t < t,,, 7 € S(t), and € > 0. Then there exists some 0 < k < m—1 such that
ty <t < try1. Let us prove by induction on n = k+1,k+2,...,m that Eo, [M (™) (tn/\T/\O'ém) )] =
Eoo[M ™) (8)] for every k41 <n <m, £ > 0.

Basis case. Because Eoo[M ™) (t)1 AT A o™ (t))] = Eoo[M ™) (1)] equals

t1 ATAoE ™ () m
E. [/ oA (q)u7i>du+e—)\(tk+1/\’r/\a§ )(t)),}/(m) (o1 ATAGT (1)) — Xy (M) (t)],
t C

the basis case n = k 4+ 1 will be established if the displayed expectation equals zero. Since
Y (1) = (JovyTh) (Atias, @ryy) = 051 (1), 7 (1) = 079 (g 1)) (Aty1, @y, and
A (7 A (1)) = eMrnat™ (0] T, 1g P (A1, @) on {770 (1) < thy1} because
Poo-a.s. T A aém) (t) >t > t, we can rewrite the displayed expectation as

tk1ATAO: 7 (t) A "
E. [/t oA (gp(u — g, (I)tk) - Z)du + 1{7'/\0£m)(t)ztk_‘_l}ei)\twrlvl(g+)1(q)tk+1)
+1 e Mk (T "N (Atigr, @) — e M (T 0 ™) (Atgsq, By,)
(rhel™ (1) <tr1}© (rAotm) (1)t Vi 1) (Blk41, Py, t—t, Vg y 1) (Atpt1, Pr )|

There is some F3, -measurable nonnegative r.v. Ry, such that ¢ /\T/\O'ém) (t) = (tg+Rg) Atgs1, {TA
Uém) (t) > tey1} = {tk + Rk > tgq1}, and (7 A Uem) (t))l{r/\aém)(tktkﬂ} = (b + i)l {rAat™ (t)<tpin}
Since @y, | = )(Atgqr, Py, \?Z“Tt:l), last displayed expectation equals e times expectation of
(A2) (Jol™))(Atyr, @4y st — ti, Ry A Atyyr)

+ Ljoan ) (Re) (Try ol ™)) (At @) — (Tt i) (Atggr, B, ),

which, we shall show, P..-a.e. vanishes. Since Uém)(t) = min{s > t; 7™)(s) > —¢}, we have
0> — > rM(s) = eA(S*t’v)(Js_tkvlirz)l)(AtkH,<I>tk) or 0 > (Js_tkv,(ﬁ)l)(AtkH,CI)tk) for every
t <5<t Ao () AT = tyor A (t + Rp) or for every t —ty, < s —t < Rp A Atjyr.

Basis case with Ry, < Atgpy1. On {Rp < Atgi1}, we have 0 > (Js_tkv,(ﬁ)l)(AtkH,CI)tk) for
t—tr < s—tr < Ry, and by Lemma (v) with yo =t — tg, 11 = R — 9, At = Atgyq, ¢ = Py,
Yy =190, 2=y, andw = v,(:j)l, we conclude (Jt_tkv,gil)l)(AtkH, Q) = tR‘;k 0 e M (p(u, ®y,)—2)dut

(JRk,gv,gT)l)(AtkH, ;) forall 0 < 6 < R, — (t —tg). By Lemma 1f (iv), (Jyv,(€+)1)(Atk+1, O, ) is
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R _
tflzk e /\u(so(u’ q)tk) -

%)du + (JRkUJ(!g)(AtkHa ®,, ). Therefore, the r.v. in (A.2]) equals zero Po-a.s. on { Ry < Atgiq}.

Basis case with R > Atgi1. On {Ry > Atg41}, we have 0 > (Js,tkvg_t)l)(AtkH, ®,, ) for every
t—ty < s—t < Atpyq AN Ry = Atpi. By Lemma (v) with yo =t — tg, 11 = Atpyq — 0,
At = Atgyr, ¢ =Py, y = Yo, 2 = Y1, and w = v,(ﬁ)l, we conclude that (Jt_tkv,g?:)l)(AtkH, o) =

A -0 _

t_i’;“ e M (p(u, @y, ) — %)du + (JAtkH,gv,(;Z)l)(AtkH, ;) for every 0 < 0 < Atgpq —t+ 1t =
tg+1 —t. By Lemma (iv), y — (Jyv,(f_ﬁ)l)(AtkH, ®,, ) is continuous on [0, Ati11] 3 y, and letting
d J 0 above implies that on { R, > Aty41} (Jt_tkv,(ﬂ)l)(AtkH, o, ) = ﬁi’;*l e (p(u, @y, ) — 2) dut
(JAtkHv,(ﬂ)l)(AtkH, D) = (JUI(;Z)I)(AthFl’ ®, .t — ty, Aty1) and shows that the random variable
in (A.2) equals zero Poo-a.s. on { Ry > tg+1}. This completes the proof of the basis case n = k + 1.

Inductive step. Suppose that Eoo [M ™) (t, AT A o™ (t))] = Eoo[M™(#)] for some k +1 < n <
m — 1 and show that it also holds for n+ 1. Since Eoo [M ™ (t,,11 AT A ()] = Eoo[M ™) (t, AT A
o™ (t))] equals Eo| (M) (t, 0 AT A o™ (t)) — M (t,))], the result follows from

continuous at y = Ry, € [0, Atg41], and 6 | 0 gives (Jt,tkvl(;_t)l)(AtkH, Q) =

Lrrotm 2t}
the induction hypothesis, if the last expectation equals zero. Because 7™ (t, 1) = UELT)1<(I)tn )

and 5(™(r Aol (1)) = XA O (T o) (At Br,) on {t < 7 A0 (E) < b},

we have Eu| (M) (b0 AT AT (1)) = MO (t,))] =

1{7A0§m>(t)ztn }

tns 1 ATAGT™ (1) A
—Au . N
B [ Lot 31,3 /tn (ol — b 01,) c )du

—Atnt1,,(m)
T 1{7’/\U§7")(t)2tn+1}6 +1'Unn—ll(q>tn+1)
o ity gt S (At ) — MM (@) |,

and since there is an F;, -mble r.v. R, such that [t,+1 AT A aém) (t)]l{ﬂ'/\cr(m)(t)>t y = [tna1 A (tn +

R,)] and {7 Ao (t) > tni1} = {T AT (t) > ta,tn+ Ry > tasr}, last displayed ex-

{T/\o‘ém)(t)ztn} [(Jvr(LT-)l)(Atn-&-lv (I)tn7 07 Ry /\Atn-‘rl) +

1[0,Atn+1)(Rn)(Jan,(Lﬂj)l)(Ath, D, ) — vflm)(étn)] which vanishes Pyo-a.s. as in the basis case.

L not™ 0>t}

pectation equals e~ times the expectation of 1

A.4. Proof of Corollary Fix any m > 1,0 <t < u < v < ty, and ¢ > 0. Let F
be a Fy-mble event, and define F-stopping time 7 := ulp + vlg\p. Then by Proposition
Eoo[M™ (0 A 0™ (1))] = Eoo[ MM ()] = Eoc[MT (1 A 0t™ ()] = Eoo[M™ (u A o™ (£))15] +
Eoo[M™ (v A o™ ()1 ], and Eao[M (u A o™ ($))15] = Eoo[M™ (v A o™ (#))1F]. Since
F € F, is arbitrary, we have M) (u A o™ (1)) = Eoo (M™) (v A o™ (1) | Fu), Poo-a.s.
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